Chapter 11

.Z he economy that we

are studying in this book is
still extremely primitive. At
the present time, it has only The World of O]lgOpOly
afew productive enterprises,
al of which are monopo-
lies. This economy is cer-
tainly far from the type of
highly competitive free enterprise system that we are familiar with in the United States. It
isunlikely that such a system will grow out of the situation described in Chapter 10, where
we saw a government-regulated natural monopoly develop to supply pure water to the
community. To find the origins of competitive markets, we will have to investigate other
industries in which the technology is such that several firms, if not many firms, can survive
simultaneously at the equilibrium.

In this chapter, we will see anew industry that is not a sustainable or natural monop-
oly develop in our primitive society. Thisindustry produces a recently discovered product
called a gadget. The first entrepreneur in the industry quickly realizes that once she estab-
lishes her firm and begins to sell her product, other firms will attempt to imitate the prod-
uct and enter the industry. Unless she can prevent the entry of such potential competitors,
theindustry will rapidly undergo a transformation from amonopoly to a duopoly to an oli-
gopoly. Aswe investigate the events that occur in thisindustry, we will examine the theory
of duopoly and oligopoly—the theory of markets with two or afew competing firms. This
theory will be of major importance in Chapter 12 when we see our gadget maker plan a
strategy to keep potential entrants out of her market. ™

Preliminaries to Successful Entry

11.1  Production in a Nonnatural Monopoly Situation

Let us assume that an agent in our primitive society comes upon a technology to make a
product that we will call a gadget. This technology is such that the marginal cost of pro-
ducing gadgets rises as more are produced and rises at an increasing rate. Figure 11.1
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shows such a marginal cost curve along with the assumed average cost curve for the firm
producing the gadgets.

Remember that we usually depict marginal cost curves as being U-shaped, like the av-
erage cost curve shown in Figure 11.1. We could easily have done so again, but, for the
sake of simplicity, we will assume that in this case the marginal cost is always increasing.
There is no contradiction between a U-shaped average cost curve and a constantly rising
margina cost curve because the firm presumably has fixed costs that make the average
cost of production high at low levels of output. As these average fixed costs fall with the
increase in output, so does the average cost until the rising marginal cost of production
pulls the average cost up again.

We will assume that the inverse demand for gadgetsis a simple linear functionp = A
— bag, where p is the market price of the good, A isa constant, b is the slope of the inverse
demand function, and q is the total output placed on the market. As we saw in Chapter 9,
this function tells us the maximum price attainable for any given quantity sold and is
therefore called the inverse demand function.

Our gadget maker sees immediately that if she can keep competitors out of her mar-
ket, she will be able to make a substantial profit for herself. Figure 11.2 demonstrates this
fact by showing her demand function superimposed on her cost function.

Figure 11.2 also indicates the monopoly price that the gadget maker can set in the ab-
sence of any competitors in the market. If she uses this price, it will yield profits equal to
the area dcba. Unfortunately, however, her technology does not give her a natural monop-
oly. Shewill have to battle to keep competitors from entering her market because, presum-
ably, two or even more firms will be able to profitably coexist in this market.
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Figure 11.2
The Profit-Maximizing Output for the Gadget Monopoly.

If there are no other market entrants, the entrepreneur can earn monopoly profits that are
equal to the area dcba.
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11.2  The Cournot Theory of Duopoly and Oligopoly

Asour gadget maker startsto plan a strategy for keeping other firms out of her market, she
realizesthat in order to know how to prevent entry, she needs an understanding of what the
industry might be like with competition present. For example, what kind of market equi-
librium might she face if the industry is a duopoly—that is, if there are two firms selling
the product? To obtain this information, our gadget maker hires a consulting firm, which
bases its opinions on Cournot’s theory of duopoly, a famous theory that was devised in
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the nineteenth century to analyze the behavior of quantities, prices, and profits in a two-
firm market.

The consultants issue a report that summarizes the essential features of the Cournot
model. (Although this model is for a duopoly, it can be, and often is, extended to an
oligopoly—a market that is dominated by afew sellers of aproduct.)

To understand the Cournot model better, let us assume that there are two firmsin the gad-
gets market and that these firms face a linear inverse demand function of p = A—Db(q; + d).
Clearly, the price that will prevail in the market will be a function of the outputs of both
duopoalists, g; and g,. We can express the cost function for firm 1 as C(q;) and the cost
function for firm 2 as C(qy).

Note that while the demand function and the price depend on the output levels of both
duopolists, each duopolist’s cost function is determined by its own output level. We will
assume that both cost functions have marginal and average costs as depicted in Fig-
ure 11.1. Marginal costs rise as output grows and rise at an increasing rate, while average
costs are U-shaped.

Given a two-firm industry with the linear demand function and cost functions shown
in Figure 11.1, we want to use the Cournot model to find the answersto the following ques-
tions: What will be the equilibrium output levels of the two duopolists? What price will
prevail in the market?What profit will each firm make? By equilibrium, we mean a pair of
output levels, one for each firm, which are such that after they are chosen, neither firm has
any incentive to change its output level. Thistype of equilibrium is called a Cournot equi-
librium. It issimply the Nash equilibrium that we defined in Chapter 7 applied to a model
in which duopolistic or oligopolistic firms compete with each other by choosing output
levels. To understand how a Cournot equilibrium is reached, we must examine the concept
of reaction functions.

Reaction Functions

In every market, there is a strategic interaction among firms. Each firm in the market will
respond to the actions of the other firmsin some manner. These responses are summarized
by what are called reaction functions or best-response functions. The reaction function
specifiesafirm’s optimal choice for some variable such as output, given the choices of its
competitors.

Using the Cournot model, let us assume that both firms in a duopolistic market want
to make as much profit as they possibly can. However, each firm has a problem because its
profit depends on the output level its competitor chooses as well as the output level it
chooses, and it does not know what the choice of its competitor will be when it makes its
own choice. We can summarize this situation by saying that both duopolists (firms 1 and
2) want to maximize their profits, as indicated by the following profit functions: Ty =

(A—Db(gy + g2)) ty — C(qy) and T = (A—b(qy + dp)) [ — C(d).

1 Antoine Augustin Cournot (1801-1877) was a French mathematician, economist, and philosopher. He was
one of the first scholars to use mathematical techniques to analyze economic problems. In his most noted work,
which was published in 1838, Cournot examined problems of pricing in monopolistic, duopolistic, oligopolis-
tic, and perfectly competitive markets. This work appeared in English as Researches into the Mathematical Prin-
ciples of the Theory of Wealth, translated by Nathaniel Bacon (New York: Macmillan, 1897).
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Consulting Report 11.1
Using the Cournot Model to Determine an Equilibrium for a Duopolistic Market

The consultants explain that the Cournot model is based on two key concepts about the
firms in a duopolistic market: that each will behave in a profit-maximizing manner and
that each will assume that the other firm will keep its output constant at the existing level
when it changes its own output. We can think of the Cournot model as one in which firms
aternate making decisions about the quantity they wish to produce. First, one firm
chooses what it considersto be a profit-maximizing level of output. Then, given that firm's
choice of a quantity and assuming it will not change, the other firm sets its own profit-
maximizing quantity.

This process of adjustment continues through several stages of action and reaction
until the two firms reach an equilibrium and have no further incentive to change their out-
puts. During the entire process of adjustment, each firm believes that the other firm'’s cur-
rent level of output is fixed and uses this assumption in selecting its own level of output.

In the Cournot model, the quantity, price, and profits produced at the equilibrium for a
duopolistic market will be between those that occur in a monopolistic market and those
that occur in a perfectly competitive market.

Note that the price that either duopolist faces (A —b(q; + g)) and the profit it will earn
depend on the output of both duopolists. Note also that each profit function is composed of
two parts. The first part is the revenue component of profit, which is represented by the
price of the good (A — b(qg; + d)) times the output of the firm, g; or g,. The second part of
the profit function is simply the duopolist’s cost, C(q,) or C(qy).

Let us now say that firm 2 decides to produce Q5 units of output. Under the Cournot
model, firm 1 assumes that no matter what output choice it makes, firm 2 will not change
its own output choice in response. Economists today call this assumption the Cournot
conjecture. More generally, we will let the conjectural variation denote the change that
afirm expectsin its competitor’s choice of an output level in response to a change the firm
made in its own output level. Using this definition, we can say that the conjectural varia-
tion in the Cournot model is zero. (Later we will consider oligopoly models with nonzero
conjectura variations.)

Given firm 2's decision, firm 1's profit is now solely determined by its own output
choice, which means that we can express its profit function as Ty = (A —b(g; + ) 00y
—C(qgy). Inasense, firm 1 isnow amonopolist because with firm 2's output fixed at q5, the
price of the good is only afunction of the output choice of firm 1. Given firm 2's decision,
firm 1 should now choose an output level that equates its marginal revenue to its marginal
cost. To see how the optimal output for firm 1 is derived, consider Figure 11.3.

Figure 11.3 shows the demand function and the associated marginal revenue function
facing firm 1 at different levels of output set by firm 2. To understand how these functions
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Figure 11.3
The Optimal Output for a Gadget Duopolist.

Given firm 2's production of gy, firm 1 maximizes its profit by choosing output level g1,
which equates its marginal cost to its marginal revenue given that g, units are already in the

market.
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are determined, consider what happens when firm 2 chooses an output of Q. If the inverse
demand curvefor the product is p = A—b(q; + ), then with an output of g, for firm 2, the
inverse demand curve facing firm 1 will be p = (A —bQy) — bq;. In other words, if firm 2's
output is fixed at q, and firm 1 sets an output of zero, then the price will be A —bQ,. The
output of firm 2 reduces the price from A, which iswhat it would be if both firms set azero
output. As firm 1 raises its output, the price will fall even further and the slope of the de-
mand curve will be b.

In Figure 11.3 the demand curve labeled D isthe one that will result when firm 2 sets
its output at go. If firm 2 chooses a higher level of output, say ¢, then the demand curve for
firm 1 will shift toward the origin, as shown by D,. The reason for this shift is that the price
that will result now if firm 1 sets an output of zero is A —bap, which islessthan A —bgp, be-
cause o > g». Note, however, that the slope of the demand curve remains the same. If firm 2
chooses alevel of output that islower than T, say g5, then the demand curve for firm 1 will
be further from the origin, as depicted by Da. Inthiscaseg, if firm 1 setsan output of zero, the
market pricewill be A—ba, which is greater than A — b, because g5 < .

In Figure 11.3 we also see the marginal cost curve for firm 1. Depending on the
output level chosen by firm 2, we can now define the output level that represents the
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best response—the profit-maximizing choice—for firm 1. Finding the best response
is a simple matter. First we locate the demand curve for firm 1 that is associated with
the quantity chosen by firm 2, and then we find the output level at which firm 1's
marginal revenue equals its marginal cost. For example, say that {5 is the quantity set
by firm 2. We therefore look at the demand curve labeled D, and the marginal rev-
enue curve labeled MR; in Figure 11.3 and see that qﬁ is the optimal level of output
for firm 1. It is firm 1's best response because it is the output level that maximizes
the firm's profit. Similarly, if firm 2 sets a quantity of g5, the relevant demand and
marginal revenue curves for firm 1 are D, and MRy, and its best response is to choose
an output level of qf. In this way, we can define a best response for firm 1 to every
hypothetical output level of firm 2. The reaction function for firm 1 is formally pre-
sented in Figure 11.4.

Note that in Figure 11.4 the output level of firm 1 is inversely related to the output
level of firm 2. The more firm 2 produces, the less firm 1 will produce. It is important to
realize that each point on this reaction function represents the optimal (profit-maximizng)
choice or best response of firm 1 to a possible output level of firm 2.

A similar analysis can be made for firm 2 in order to derive its reaction function and
find its best response to each level of output that firm 1 might choose. Such a curve ap-
pearsin Figure 11.5.

In Figure 11.5, we again see that the optimal or profit-maximizing output level for one
duopoalist (firm 2) is adecreasing function of the output level chosen by the other duopolist
(firm 1), given the Cournot conjecture. For convenience, we can express these reaction
functions for the duopolistsin the gadgets market as g, = f1(g,) and g, = f2(qy).



414

Chapter 11~ The World of Oligopoly: Preliminaries to Successful Entry

Figure 11.5
The Reaction (Best-Response) Function for Gadget Duopolist 2.

Given firm 1's choice of gy, firm 2's optimal response is g2 = h(q1).
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Solved Droblem 11.1

Question (Application and Extension: The Best Responses)

Assume that there are two firms, each producing with a constant marginal cost function of
MC = 2. Assume that the demand function for the product is defined as follows. p = 100
—.5(qy + gp). If firm 2 setsaquantity of g, = 100, what isthe best response quantity for firm 1.

Answer

If firm 2 sets a quantity of g, = 100, then the residual demand curve facing firm 1isp = 100
—.5(g; + 100) = 100 — .5(100) — .5q; = 50 — .5q;. If the marginal cost of production is con-
stant at 2, then the firm should set a quantity at which the marginal revenue associated
with the residual demand curve is equa to the constant marginal cost. We know that the
marginal revenue curve associated with this demand curve has the form MR = 50 — g,
since it has a dope twice the steepness of the demand curve. Setting MR = MC means set-
ting 50 — g, = 2. Solving, we see that g, = 48, and thisis the best response.

An Alternative Derivation of Reaction Functions

Thereis an alternative, and perhaps simpler, way to derive the reaction function for afirm.
Consider Figure 11.6.

In Figure 11.6 each point, like point x, represents output levels for firm 1 and firm 2.
For example, at point x, firm 1 produces g; and firm 2 produces ¢p. At point g7} the output
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Figure 11.6

Reaction Functions.

For each level of gy, firm 1's reaction function gives the level of g; that places firm 1 on the
lowest attainable isoprofit curve (that is, the level of q; determined by the tangency of the
isoprofit curve and a horizontal line). Given g, = g5, firm 1 chooses q; = qj; given g2 = g,
firm 1 chooses q; = g.
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of firm 1is g and the output of firm 2 is zero. In other words, gf"is firm 1's monopoly
output. This output combination of (qf, 0), in which firm 1 produces its monopoly output
and firm 2 produces zero output, yields profits for firm 1 that are greater than the profits it
can earn with any other output combination.

Now look at the output combination at point a of Figure 11.6. At that point, firm 1
continues to produce its monopoly output of gf", but now firm 2 produces a positive out-
put. Clearly, firm 1 will receive lower profits at point a than it will at point qf", because
the positive output of firm 2 decreases the price that firm 1 can obtain for its output. Let
us now locate the isoprofit curves in this space—the sets of points that yield the same
profits to firm 1. We will start by looking for those output combinations that yield the
same profits as point a. Let us examine point b, where again firm 1 produces the monop-
oly output of qf", but now firm 2 is producing less than it did at point a. Clearly, the re-
duction in firm 2’s output raises firm 1's profits above what they were at point a. To bring
the profits of firm 1 back to what they were at point a, we have two options. We can either
move to point ¢ or point d. At point c, firm 1 has |ower output than it did at point b, which
raises the price of gadgets but lowers the firm’s profits because it is now selling a smaller
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quantity of the product. At point d, firm 1 has higher output than it did at point b, which
allows it to sell a greater quantity, but the additional output lowers the price and aso in-
creases the firm's costs. The net result is that points ¢, a, and d all have the same profit
levels. In general, theisoprofit curves for firm 1 have the shape shown in Figure 11.6. The
curves closer to the horizontal axis (and closer to the monopoly output level) contain
higher levels of profit.

To derive the reaction functions for firms 1 and 2, let us look first at firm 1. For any
given output level chosen by firm 2, the reaction function should tell us the profit-
maximizing output level for firm 1. Say that firm 2 sets an output level of g5. Given this
choice by firm 2, firm 1 will want to choose the output level that places it on the lowest
possible isoprofit curve because profits increase as firm 1 moves toward the horizontal
axis. This output level will be characterized by the tangency of the isoprofit curve and the
line drawn parallel to the horizontal axis at the height of q. Such a tangency occurs at
point x in Figure 11.6, where the output level is g;. When firm 2 chooses a higher level of
output, such as @5, tangency occurs at point y and the optimal level of output for firm 1
falls to g;. By successively choosing different levels of output for firm 2 and finding the
tangency points for firm 1, we can trace firm 1's reaction function. A similar analysis can
produce firm 2's reaction function.

Deriving a Cournot Equilibrium

To find the Cournot equilibrium for this duopolistic market, we can simply take the two
reaction functions for firms 1 and 2, place them on the same diagram, and see where they
intersect. The point of intersection represents the equilibrium, as shown in Figure 11.7.

Note that the two reaction functions intersect at point e in Figure 11.7. At this point,
firm 1 is producing an output of g§ and firm 2 is producing an output of g5. If firm 1 pro-
duces gf, then the best response for firm 2 is to produce g5. Similarly, if firm 2 produces
g5, then the best response for firm 1 is to produce gf. In short, gf and g5 are the best re-
sponses of the two firms to each other. If both firms choose these output levels, neither
firm will have an incentive to change its choice. Put differently, if these output levels are
set, they will remain unchanged—the market will be in equilibrium.

Stable and Unstable Cournot Duopolies

At this point in our analysis, the following question arises. According to the Cournot the-
ory of duopoly, the gadgets market will be in eguilibrium if firms 1 and 2 choose output
levels gf and g3, but what guarantee do we have that the two firms will actually choose
these output levels? There are two responses to this question. The first response is that the
Cournot theory does not claim that the duopolists will choose these output levels. All it
says is that if they do choose these output levels, the market will be in equilibrium. The
second response goes further and says that we can actually expect that the output levelsin
the market will eventually reach gf and g5.

Let us examine the reasoning behind the second response. Say that we are not at the
equilibriumin Figure 11.7. Also say that firm 1 chooses an output level that is higher than
its equilibrium output level of qf, such as q;. From firm 2'sreaction function, we see that it
will then choose an output level of g5, which is lower than its equilibrium output level of
g5. However, when firm 2 chooses @b, firm 1's reaction function indicates that it will de-
crease its output from gj to g1. With the output of firm 1 at qgf, the reaction function of
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Figure 11.7
The Reaction Function Equilibrium (Nash Equilibrium) for the Gadget Duopoly.
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firm 2 shows that it will now increase its output from g5 to g5, and so on. This process is
convergent. If allowed to continue, it will lead the firms to converge on qf and g5, which
are the equilibrium output levels for the market.

Does convergence on the equilibrium depend on how we draw the reaction functions?
The answer to this question isyes. In Figure 11.7 the reaction functions are drawn in such
away that the one for firm 2 is flatter than the one for firm 1. If the opposite is true, then
we will have the situation depicted in Figure 11.8.

If the reaction functions are shaped as shown in Figure 11.8, it will be difficult for the
market to converge to the equilibrium. In this case, it is still true that if the market ever
reaches the equilibrium, it will remain there, but we cannot rely on the process of conver-
gence to bring about the equilibrium.

To illustrate this point, let us say that the two firms are not at the equilibrium in Fig-
ure 11.8. We will assume that firm 1 chooses an output that is higher than its equilibrium
output of gf, such as g;. From firm 2's reaction function, we can see that it will then
choose g5, which is lower than its equilibrium output of g5. When firm 2 chooses g5, firm
1’s reaction function shows that it will increase its output from g to g5, moving it further
away from the equilibrium. With the output of firm 1 now at g7, the reaction function of
firm 2 indicates that it will decrease its output from dj to g3, moving it further away from
the equilibrium as well, and so on. This process is divergent. At each stage, it moves the
two firms further away from the equilibrium.
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Figure 11.8
An Unstable Cournot Equilibrium.

The reaction function of the firm whose output is measured on the vertical axis is steeper
than the reaction function of the firm whose output is measured on the horizontal axis. In this
case, the reactions of the two firms to a disequilibrium situation will take them further and
further away from the equilibrium point.
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Question (Application and Extension: Nash Equilibrium Quantities)

Assume that you have two firms competing in a market and that these firms have the fol-
lowing reaction functions:
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a) For what quantity produced by firm 2 would firm 1 prefer to shut down and pro-
duce nothing?

b) What quantity would firm 1 produce if firm 2 never existed?

¢) Verify that g; =33.3 and g, = 33.3 isaNash equilibrium.
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Answers

a) Obvioudly, if firm 2 set a quantity of 100, then ¢, = 50 — $(100) = 0 and firm 1
would shut down.

b) If firm 2 never existed, then g, = 0 and the best output for g, would be 50.

¢) We can verify that 33.3 for each firm is a Nash equilibrium by seeing if those
guantities constitute a best response for each firm. Plugging 33.3 into each reac-
tion function we see that 33.33 = 50 — (33.33); thus, if firm 1 is choosing 33.33,
firm 2 will also want to choose 33.33, and vice-versa. That is the definition of an
equilibrium.

Using Game Theory to Reinterpret the Cournot Equilibrium

Our previous analysis of the Cournot equilibrium can be restated in terms of game theory.
We can think of the strategic interaction between firms in a duopolistic market as a game,
which we might call the simultaneous-move quantity-setting duopoly game. In this
game, there are two players, firms 1 and 2; and each player has a strategy set from which it
can choose a feasible strategy whenever it must make a move. These strategy sets are
equivalent to all the positive output levels in the Cournot model. However, to ssimplify the
game, it might make sense to restrict the strategy sets to those output levels between 0 and
A/b. Because A/b drives the price of the good to zero, we can presume that rational firms
will never choose output levels above A/b. The payoff functions for this game are presented
in two equations that we used previously: Ty = (A—b(q, + dp)) [y — C(qy) for firm 1 and
™ = (A - b(g; + qp)) O — C(qy) for firm 2. These are the components of the game's
normal form.

The gameis played as follows: First, both firms choose their output levels simultane-
oudly, with neither firm knowing what level the other firm has chosen. Once these quanti-
ties are placed on the market, the demand curve tells the players what the price will be,
and each firm calculates its payoffs (profits) accordingly. The equilibrium defined by the
Cournot model is nothing more than the Nash equilibrium in this simultaneous-move
guantity-setting duopoly game.

Solved Problem 11.3

Question (Application and Extension: Best Response Functions
and Nash Equilibria)

Bob and Art live next door to each other and share a driveway between their houses.
Both men are botanists and love flowers. Each has decided to plant pansies on his side
of the driveway. On one Saturday morning, each announces to the other that he is going
to his own favorite gardening shop to purchase pansies. Since each man will plant the
flowers so close to each other, both will get enjoyment from his own and his neighbor’s
pansies.
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Art’s preferences for how many pansies to purchase depend on how many Bob has
bought and can be described by the best-response function

AZZO—EB
2

where B is the number of pansies bought by Bob. Bob's preferences can be described by
his best-response function

B=24- 1 A
4
where A is the number of pansiesArt buys.

a) If Bobfindsout that Art isgoing to buy 12 pansies, how many should he buy?
b) What is the equilibrium amount of pansies the men should buy if neither knows
how many the other is going to purchase?

Answer

a) If Art buys 12 pansies, Bob's best responseis
B=24 —1(12) =21
4
Thus, Bob should buy 21 pansies.

b) Theequilibriumisfound by solving the two best-response functions s multaneoud y—
that is, solving the following two equations:

A=20- 1 B
2
B=24-1A
4
for A and B.
This can easily be done by substituting Bob'’s function into Art’s function
and solving,

—on_ 1 _1.C
A =20 55&4 TA
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and substituting back into Bob’s best-response function

_ oy 10BAC

B=24- 3¢
_ 152
7

Thus, assuming that pansies (like al other goods) are perfectly divisible, in equi-

librium Art buys & pansies and Bob buys 122, Since Art’s best response is to buy

& pansies if Bob is going to buy 32 pansies, and Bob's best response is to buy
¥ pansiesif Art is going to buy %, each pansy decision is a best response to the

other. Thisisthe definition of an equilibrium.

—IF

11.

~

bo

Criticisms of the Cournot Theory:
The Stackelberg Duopoly Model

An Asymmetric Model

Our gadget maker thinks that she now understands the Cournot theory and its game theory
interpretation quite well. However, she questions the relevance of the Cournot theory to her
situation because she is worried about preventing potential competitors from entering the
market in which she is aready entrenched. As aresult of this entrenchment, she believes
that any entrant will view her as akind of leader and will view himself, arelative upstart,
as afollower. In other words, she feelsthat the Cournot theory treats firms or players sym-
metrically, but, in reality, the situation she faces is asymmetric, with her firm established as
the leader and any firm that enters the market now taking the role of afollower. (Imagine a
new firm starting to manufacture automobiles in the United States and having to compete
with General Motors and Ford. Clearly, atheory that treats all firmsin this type of market
symmetrically would be unrealistic.) To obtain information about how an asymmetric mar-
ket functions, our gadget maker turns to another consulting firm, one that bases its opin-
ions on the work of Heinrich von Stackelberg, another economist who studied the problem
of duopoly and developed a well-known duopoly model.2 The new consulting firm issues
the following report in which it describes the main features of the Stackelberg model.

Let us now take a closer look at the Stackelberg model by applying it to the gadgets
market. We will assume the same demand, cost, and profit functions as we did with the
Cournot model. We will say that demand is linear, that marginal costs are strictly increas-
ing, and that profits are represented by the following two equations: T4 = (A —b(q; + @))
[, — C(qgy) for firm 1 and 1, = (A —b(gy + dp)) [ — C(qy) for firm 2. We will also assume

2Heinrich von Stackelberg was a German economist who examined market organization and the strategic
interaction of firms. He proposed the leaderfollower concept for duopolistic markets in Marktform und
Gleichgewicht (Vienna: Julius Springer, 1934). This work appeared in English as The Theory of the Market
Economy, translated by A.T. Peacock (New York: Oxford University Press, 1952).
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Consulting ‘quo’zt 11.2
Using the Stackelberg Model to Determine an Equilibrium for a Duopolistic Market

The consultants explain that the Stackelberg duopoly model is an extension of the Cournot
model but allows for asymmetric behavior by the two firms in a duopolistic market. The
Stackelberg model assumes that one firm will play an aggressive role in the market (be the
leader) and the other firm will play a passive role (be the follower). The leader will choose
its level of output first. It will set a profit-maximizing quantity, taking into consideration
the quantity it expects the follower to set in reaction to its own choice. The leader assumes
that the follower will also want to maximize its profits but that it will accept the leader’s
output choice as a given. This assumption permits the leader to predict the follower’s out-
put choice and take that choice into account when it makes its own output choice.

that each firm has a Cournot reaction function defining its best response to any given out-
put level chosen by its competitor. We will denote these reaction functions as g, = f1(d)
for firm 1 and g, = f5(q) for firm 2.

To make our example asymmetric, assume that firm 1 chooses its quantity first. Then,
firm 2, knowing what firm 1 has done, makes its choice. After both firms have sequentially
chosen their outputs, the price of the good on the market and the profits of both firms are
determined. Because firm 1 movesfirgt, it isthe Stackelberg leader and can commit itself
to afixed output. Firm 2, the Stackelberg follower, then takes firm 1's output as a given
and chooses a best response. In such amodel, there is an advantage to moving first, as de-
picted by Figure 11.9.

In Figure 11.9 we see the reaction function of firm 2, the Stackelberg follower in this
market. Firm 1, the Stackelberg leader, knows that for any output level it might set, firm 2
will set the output level that represents its best response to firm 1's choice. Therefore,
firm 1 can predict firm 2's choice of an output level from its reaction function. If firm 1is
rational, it will choose the output level that maximizes its profits after taking into consid-
eration firm 2’s best response to that output level.

The Stackelberg Equilibrium

To understand what output level would be consistent with a Stackelberg equilibrium, let us
look at Figure 11.9 again. Note that the isoprofit curves of firm 1 are superimposed onfirm 2's
reaction function. The task for firm 1 isto choose the output level that will placeit on the low-
est possible isoprofit curve consistent with firm 2's choice of an optimal (profit-maximizing)
quantity. In short, by moving firgt, firm 1 can actually choose at which point on firm 2'sreac-
tion function it wants the market to be—the point where its own profits will be greatest. In
Figure 11.9 this profit maximization occurs at point E, where firm 1's isoprofit curve is tan-
gent to firm 2'sreaction function. Such a point represents a Stackelberg equilibrium.

To demonstrate that point E in Figure 11.9 must be a Stackelberg equilibrium, con-
sider any other point such as B. Note that point B is on isoprofit curve 1y, which involves
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Figure 11.9
The Stackelberg Solution.
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Firm 1 (the leader) chooses the point on the reaction function of firm 2 (the follower) that is
on the lowest attainable isoprofit curve of firm 1: point E.

Qutput of
Firm2(q,)

Firm 1's Reaction Function
-

Cournot Equilibrium

Firm 2's Reaction Function

Output of
0 Firm 1 (gy)

lower profits than isoprofit curve T, the one where point E is located. No output combi-
nation on isoprofit curves like 1 and 1y can be the equilibrium because it is not on
firm 2's reaction function and therefore does not fit our assumption that firm 2 will act in
arational manner.

Algebraically, we can describe the Stackelberg model as follows: Let g, = f(q,) be
firm 2's reaction function and let Ty = (A —b(q, + dp)) [, — C(qy) be firm 1's profit func-
tion. However, because firm 1 knows that firm 2 will respond to its output choice by
choosing a best response, we can replace g, in firm 1's profit function by f,(q,). Firm 1's
profit function now reads Ty = (A — b(gy + f(gy)) [y — C(g1). Firm 1's problem is simply
to maximize this profit function by choosing g;, knowing that firm 2 will respond opti-
mally to its choice.
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As we see in Figure 11.9, at the Stackelberg equilibrium, firm 1 chooses a higher
level of output than it previously did at the Cournot equilibrium and receives greater prof-
its. This is the essence of the first-mover advantage that the leader has in the Stackel-
berg model.

The Stackelberg model matches our gadget maker’s view of her market as an asym-
metric one, in which her firm will be the leader and an entrant will be the follower. Re-
member that we characterized the Cournot model as a simultaneous-move quantity-setting
duopoly game. Similarly, we can think of the Stackelberg model as a sequential-move
quantity-setting duopoly game that results in a greater payoff for the leader and a
smaller payoff for the follower than they would receive at the Cournot equilibrium of the
same market.

11.4 The Welfare Properties of Duopolistic Markets

Asour primitive society begins to develop markets where two or a few firms compete, a
guestion naturally arises about the welfare aspects of the Cournot equilibrium. Do such
markets produce a better welfare outcome than monopolistic markets? The answer to
this question is as follows: The Cournot equilibrium outputs for firms in duopolistic
markets yield better welfare results than those that occur in monopolistic markets (when
welfare is measured in terms of consumer surplus plus producer surplus), but the wel-
fare results in such markets are not optimal. They are in between the welfare levels pro-
duced in perfectly competitive markets and those that occur in monopolistic markets. To
prove this statement, let us again turn our attention to the gadgets market—a duopolistic
market. As we did previously, we will assume that the inverse demand for gadgetsislin-
ear and is represented by p = A —b(qg; + ). For the sake of simplicity, we will also as-
sume that the marginal cost of production is zero. (The results that we derive would not
be different if we were to assume that the marginal cost is U-shaped or strictly rising, as
in Figure 11.1.) Because each firm has zero marginal cost, it will set its marginal rev-
enue equal to zero when the other firm chooses a level of output. Reformulating the
problem, with the assumption of zero marginal cost, we can express the profit function
for the duopolists as follows: ™, = (A — b(g; + gp)) Og; for firm 1 and % = (A — b(gy
+ ) [, for firm 2. Note that when the marginal cost is zero, maximizing profitsis the
same as maximizing revenue.

We can derive the reaction functions for the two firms from these profit functions by
equating the marginal revenue for each firm to zero after the other firm has set its level of
output. Using partial derivatives, we find that the marginal revenue is MR, = A — 2bq,
—baqp for firm 1 and MR, = A — 2bg, — b, for firm 2. Solving for g, and g, will give usthe
reaction functions of the two firms. These reaction functions will specify the profit-
maximizing output that each firm should set for any given output of the other firm. We can
express the reaction functions as follows: g; = (A—bqgy)/2b for firm 1 and g, = (A—bq;)/2b
for firm 2.

If a monopolist with the same cost structure were to provide all the gadgets for this
market, then she would have to determine how much of output g to produce so as to maxi-
mize her profits. This problem can be stated as: Max 11 = (A — bqg)g. Note that because
thereis only one producer, the total output (g) for the market is the same as the sum of the
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Figure 11.10
The Monopoly Solution with Zero Marginal Costs.
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The monopolist will choose output A/2b, at which the marginal revenue equals the marginal
cost of zero. At the welfare-optimal output level, x, the price equals zero. The deadweight
loss is area (A/2b)xy under the demand curve and between the monopoly and welfare-
optimal output levels.

Price

Quantity

firms output (q = g; + gp). To maximize this function, we take the derivative and make it
equal to zero. We then find that the optimal monopoly output isq = A/2b.

Figure 11.10 represents the monopolistic market by our familiar inverse demand and
marginal revenue curves. However, note that in this example, the margina cost curve is
flat and moves a ong the horizontal axis.

In Figure 11.10 we see the market or aggregate demand for the product along with the
marginal cost curve of the monopolist (which isthe same as the marginal cost curve of each
duopolist). We also see that the monopolist will choose an output of A/2b and a price of p™.
This monopoly price-quantity combination will create a deadweight loss of consumer sur-
plus equa to the area in the triangle (A/2b)xy. The welfare-optimal price will be zero, and
the welfare-optimal quantity will be x units. Note that with an inverse demand curve of
p = A—bq, azero price results when A = bq so that g = A/b, which is the output at point x.
In other words, because the marginal cost is zero, any consumer willing to pay more than a
price of zero should be allowed to buy gadgets, which means that the optimal price must be
zero. The monopoly and welfare-optimal price-quantity combinations therefore represent



426 Chapter 11~ The World of Oligopoly: Preliminaries to Successful Entry

Figuze 11.11
The Equilibrium Price and Quantity Compared.

The Cournot equilibrium, with a total quantity of 2A/3b, is on an iso-output line strictly
between the monopoly line (a total quantity of A/2b) and the welfare-optimal line (a total
quantity of A/b).
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the two extremes between which prices and quantities can fall. Let us now demonstrate
that in aduopolistic market, the price and the quantity will be between these two extremes.
Consider Figure 11.11.

. Solved Problem 11.4

Question (Application and Extension: The Equilibrium Price
and Quantity Under Duopoly)

a) Thetown of Deadeye has only one chicken farmer to supply eggs. Assume that
the marginal cost of egg production is zero and that in Deadeye the inverse de-



b)

Answer
a)

b)
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mand for eggs (measured in cents) is p = 100 — 2g. At what price and quantity
will the chicken farmer sell eggs?

Now assume that a second chicken farmer moves to Deadeye who also has zero
marginal cost. Taking demand into consideration, this means that chicken
farmer 1 has areaction function

1
oi] =25‘EQ2

where g, and g, are the quantities of eggs supplied by chicken farmers 1 and 2,
respectively. Chicken farmer 2, likewise, has areaction function

1
02 :25—5(311

What will the quantities supplied and price for eggs be now?

The chicken farmer will set the quantity that equates marginal revenue to mar-
gina cost. Since demand is linear, marginal revenue will be MR(q) = 100 — 4q.
Thus, to find the optimal quantity

100-4q =0
q=25
Putting the quantity back into the demand curve, we find that the price of eggsis
100 — 2(25) = 50¢

To find the quantities, simultaneously solve the two reaction functions.

o 10, _1 [
¢ =25 EE&S ar

750 =12.5
2

=162

® =203

Substituting back into farmer 2's reaction function, we find that g, isalso equal to
16%. Thisis aresult of the fact that the two chicken farmers are symmetric; they
face identical demands and marginal costs. Whenever this occurs, both firmsin
the Cournot duopoly game will produce identical amounts.

The price of eggsis, then,

p =100 - 2%6% +16§g= 33%¢

Notice that the price has gone down and the total quantity supplied of eggs has
gone up as compared to the case when there was only one chicken farmer. In the
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case when there was only one chicken farmer, consumer surplus was $6.25. When
the second chicken farmer entered the market, consumer surplus increased to
$11.11. This shows that increased competition lowers the price for the consumer.

In Figure 11.11 we see our familiar reaction functions, this time for firms that have
a zero marginal cost. Note that the horizontal axis represents the output of firm 1,
while the vertical axis represents the output of firm 2. From the reaction functions of
these two firms, which we previously saw in equation form as q; = (A — bgy)/2b and
02 = (A — bqgy)/2b, we find that when firm 2 produces a zero output, firm 1's best re-
sponse is to set the monopoly output because, in effect, firm 1 is a monopolist. The
monopoly output for firm 1 occurs at point A/2b along the horizontal axis. If firm 1
produces a zero output, firm 2's best response is to choose the monopoly output at
point A/2b along the vertical axis. Similarly, if either firm were ever to choose the
welfare-optimal output of A/b, the other firm’s best response would be to set an output
of zero. For example, suppose that firm 1 is at point A/b, on the horizontal axis. At this
point the price would be zero, so firm 2's best response is the produce zero (see point x
in Figure 11.10).

Now consider the line drawn between the two monopoly outputsin Figure 11.11 (the
line between points A/2b and A/2b). Any output combination along this line is such that
the total output on the market will be the monopoly output. The points along this line dif-
fer only according to the amount that each firm individually supplies to the market. A
line of this type is called an iso-output line. Because the market price depends on the
sum of the outputs produced, the price at any point on the iso-output line will be the
same. For example, the price at any point on the line between the monopoly outputs A/2b
will be the monopoly price. Similarly, consider the line between the welfare-optimal out-
puts A/b. At any point along this iso-output line, the total output is equal to the welfare-
optimal quantity and the price is equal to the welfare-optimal price. The only thing that
differs at any point on the line is the portion of the welfare-optimal quantity that each
firm supplies.

Finally, note that point E in Figure 11.11, the Cournot equilibrium quantity (2A/3b), is
on an iso-output line strictly between the monopoly line and the welfare-optimal line® Be-
cause price decreases as quantity produced increases, it must be true that at the Cournot
equilibrium, the price and the quantity are between the monopoly and welfare-optimal lev-
€ls. This proves our premise that in a duopolistic market, the outcome for society (as mea-
sured by the consumer surplus plus the producer surplus) will be between the monopoly
outcome and the welfare-optimal outcome. Note that this result will occur for any tech-
nologies that produce reaction functions with the same general shape as the ones in Fig-
ure 11.11, not just for technologies with zero marginal costs.

3Note that the Cournot output (2/3) (A/b) can be written as (n/(n + 1)) DA/b, where n is the number of firms in
the market. As n becomes large and moves toward infinity, (n/(n + 1)) DA/b approaches A/b, the competitive
result. We will derive this result more formally in Chapter 14.
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Solved Problem 11.5

Question (Application and Extension: Monopoly, Duopoly, and Consumer Surplus)

Consider a market with a demand curve for a product produced by two firms, firms 1 and
2. The demand for the products can be summarized by the following demand function:

1
p= 50‘§(CI1 +02)

Thereis zero marginal cost.

Given this demand function, the reaction function for each firm is q; = 50 — %qz and
02 = 50 — 2@, As discussed in Solved Problem 11.2 earlier in the chapter, the Nash equi-
librium for this market is one where each firm sets a quantity of 33.3. The monopoly solu-
tion is one where the total quantity on the market is 50. What is the improvement in con-
sumer surplus by having the market organized as a duopoly?

Answer

Let us answer this question with adiagram (see Figure 11.12). In this diagram we have the
market demand curve

1
p= 50‘§(CI1 +02)

and we have the two quantities of 66.66 and 50. As we seg, if the price for the good in the
market is 50 or more, the quantity demanded is zero. No one is willing to pay more than
50 for the good. Using the demand curve, we seethat if both firms produce 33.33, the total

Figune 11.12
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quantity is 66.66 and the market price is p = 50 — 2 (66.66) = 16.66. At the monopoly
quantity, the market priceis p = 50 — $(50) = 25. Now in the diagram we see that the con-
sumer surplus is represented by the triangle above the line ab for the duopoly situation
(that is, the line representing a quantity of 66.66 and a price of 16.66) and the triangle
above the line cd in the monopoly situation (that is, the line representing a price of 25 and
aquantity of 50). The areas of these triangles are as follows:

1
CSvonopaly = 5(50 - 25)(50) =625

-

11.5 Criticisms of the Cournot Theory:

The Bertrand Duopoly Model

One feature of the Cournot model that often strikes people as odd is the fact that it as-
sumes that firms compete in a market by choosing the quantities of a good they will pro-
duce. Our usual perception is that firms compete through the prices they charge for their
goods. For example, when we look at the advertisements in a newspaper, we see auto-
mobile dealers, consumer electronics stores, supermarkets, and many other types of
firms competing on the basis of price. Clearly, the view that firms compete through the
prices they choose is at variance with the assumption of the Cournot model that they
compete through the quantities they decide to produce. Our gadget maker is one of the
people who questions the validity of the Cournot model for just this reason. She there-
fore asks for advice about the nature of a duopolistic market from still another consult-
ing firm. This firm bases its opinions on the work of Joseph Bertrand, who had the same
reservations about the Cournot model and, as a result, developed a different kind of du-
opoly model.* In their report, the consultants summarize the basic features of the
Bertrand model.

Let us use a simple example to look at the Bertrand model more closaly. Say that two
firms, i andj, sell anidentical product. According to the Bertrand model, these firms can think
of themselves as facing a demand function with the following characterigtics: If one firm
charges a price that is above the price set by its competitor, the demand for its product will be
zero. If it charges a price bel ow the price set by its competitor, it will capture all thedemand in
the market. (Inthe Bertrand mode!, it is assumed that all firms have enough production capac-
ity to supply the entire market. Later, we will see what happens when this assumption isvio-
lated.) If both firms set the same price for the product, they will split the demand in the mar-
ket. Thistype of demand function can be depicted in algebraic terms as follows:

4Joseph Bertrand was a nineteenth-century French mathematician and economist. His critique of the Cournot
model and presentation of an alternative model appears in “Theorie Mathematique de la Richesse Sociale,”

Journal des Savants (September 1883): 499-508.
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Consulting Report 11.3
Using the Bertrand Model to Determine an Equilibrium for a Duopolistic Market

The consultants tell our gadget maker that the Bertrand model is based on a number of as-
sumptions. The most important of these assumptions is that if two firms are selling an
identical product, consumers will buy from the firm that charges the lower price. There-
fore, in the Bertrand model, firms set prices and allow the market to determine the quanti-
ties. Of course, thisis the opposite of what happens in the Cournot model.

According to the Bertrand model, each firm in a duopolistic market sets a profit-
maximizing pricein the belief that the price chosen by itsrival will not change. This belief
encourages the two firms to engage in a process of competitive price-setting until the mar-
ket arrives at an equilibrium. Thinking that the price set by itsrival isfixed, first one firm
and then the other firm changes its price in order to take customers and profits away from
its rival. Eventually, the two firms reach an equilibrium at which neither has an incentive
to change its price any further. This equilibrium occurs when the price of the product falls
to itsmarginal cost.

In the Bertrand model, a duopolistic market produces the same equilibrium as a per-
fectly competitive market in terms of price, quantity, and profits. The two firms share the
market and earn zero profits.

(pi) ifp <pj
Di(pi, pj) = dY2)(D(p)) ifpi = p;
if p > p

Thefirst line of this demand function tellsusthat if firmi setsalower price than firmj,
all consumerswill buy from firmi at price P;, and firm i will be able to sell as much asthe
market wants at that price, D(p;). The second line of the demand function tells us that if
firmsi and j set the same price, they will split the market demand between them at that
price. Finally, the third line of the demand function tells us that if firm i sets a higher price
than firmj, it will sell nothing. If we assume that each firm can produce the product at acon-
stant marginal cost of ¢, then the payoff to each firmwill be 15 = pi(Di( pi, By)) —c(Di(pi, P)))-

The Bertrand Equilibrium

If we think of our example of the Bertrand model in terms of a game, the players are firms
i and |, their strategy sets are al the pairs of positive prices they can charge, and their pay-
offs are the ones just described. We can characterize this game as a simultaneous-move
price-setting duopoly game. In the first move of the Bertrand game, each firm sets a
price. Seeing these prices, the consumers then decide which firm to buy from. They do so
according to the demand function specified previoudly. The payoffs from the game are de-
termined by the pricing decisions of the two firms and the buying decisions of the con-
sumers. An equilibrium for this game is a pair of prices that, once they are set, are such
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that neither firm has any incentive to change its price given the price of its opponent. Just
as the Cournot equilibrium is a Nash equilibrium for the quantity-setting game, the
Bertrand equilibrium is aNash equilibrium for the price-setting game.

Even though the Cournot and Bertrand equilibria are applications of the same equi-
librium concept, they lead to very different outcomes. The Cournot equilibrium produces
a price and a quantity that are intermediate between the monopoly and welfare-optimal
levels, but the Bertrand equilibrium results in the welfare-optimal price and quantity. We
can express the latter outcome as the Bertrand proposition: At the equilibrium of the
simultaneous-move price-setting duopoly game, the price of the product is driven down to
its marginal cost and the quantity sold in the market is the welfare-optimal quantity.

Proving the Bertrand Proposition

We can prove the Bertrand proposition without too much difficulty. As we do so, note that
our proof illustrates the central idea of price competition in afree-market economy.

Let us say that, contrary to the Bertrand proposition, the equilibrium price is not the
same as the marginal cost of the product for either firm. Indeed, we will assume that p; > p
> ¢, so that the price set by firm i is greater than the price set by firm j. In this case, firm i
will sell no goods and receive no profit (assuming that the firm produces only after it knows
itsdemand), but firm j will earn a positive profit becauseits priceisabove c. Clearly, firmi’s
best response to this situation is to set a price for its product that is just below the price of
firmj. To be more specific, let us say that firm i will set aprice of p; = pj—e€ >c, wheree is
some arbitrarily small decrease in firm j’s price, because, by slightly underpricing its com-
petitor, firmi can capture the entire market and make a positive profit (since pj —e > c). Firm
j will then respond in asimilar way by setting atill lower price, such asp; = p; —€ —¢, and
thereby recapture the market from firmi. Hence, apair of unequal prices above the marginal
cost of the product cannot be a Bertrand equilibrium. The two firms involved will simply
continue to make competitive price reductions until the price reaches the marginal cost.

Can a pair of equal prices above the marginal cost of the product be a Bertrand equi-
librium? The answer to this question is no. At p; = p; > ¢, both firms will share the market.
However, such an arrangement is not stable because if either firm merely reducesiits price
by €, it will capture the entire market. An infinitesimal reduction in price can produce
much higher profits. Hence, there is again an incentive for both firms to decrease their
prices until they reach the marginal cost of the product.

Because we cannot have a Bertrand equilibrium if the two firms set different or equal
prices that are above marginal cost, the only other arrangements |eft are for one firm to set
aprice at marginal cost while the other firm sets a price above it, or for both firms to set
their prices at marginal cost. To prove that the former arrangement isimpossible, let us as-
sume that p; > p; = ¢. In this case, firm j will earn no profit because it is setting a price ex-
actly at marginal cost and firmi will also earn no profit because it will have no customers.
However, because p; > pj, firm j will have an incentiveto raiseits price (but still keep it be-
low p;). By using this strategy, firm j will be able to capture the entire market at a price
above marginal cost, which will yield positive profits. Therefore, the only way that the
market can arrive at a Bertrand equilibrium is if both firms set a price that is equal to the
marginal cost of the product. At this outcome, the two firms will not earn positive profits
but will be indifferent between staying in the market and exiting the market because nor-
mal or zero economic profits include an amount necessary to keep entrepreneurs in the
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market. If either firm increases its price above marginal cost (the equilibrium level), it will
lose all salesto its competitor. If either firm decreasesits price below marginal cost, it will
incur losses.

By simply changing the basis of competition from quantity to price, the Bertrand
model produces adramatically different outcome for duopolistic markets than the Cournot
model. At the Bertrand equilibrium, the prices in such markets are driven down to mar-
gina cost, alevel far below what we observed at the Cournot equilibrium.

Solved Problem 11.6

Question (Content Review: Bertrand and Cournot Equilibria)

Consider two oligopolists producing an identical product with identical cost functions
C =q? (that is, MC = 2q) who face ademand curve p = 1 — (0, + o).

a) What isthe Cournot equilibrium in this market?

b) If firm 1 can chooseits output first, what will the outcome be?

¢) Suppose the two firms choose price instead of quantity. What will the market
outcome be?

Answers

a) Denote firm 1's output by g; and firm 2's output by g,. Firm 1's total revenue
functionisR=p L = (1 - (9 + W) =01 — qf — Q0. The associated marginal
revenue curveis given by MRy = 1 — g, — 2g;. Equating firms 1's marginal cost to
its marginal revenue, we get its reaction function:

201 =1-q—-20
That is,

1-q

th = 1

Sincefirm 2 isidentical to firm 1 in all respects, we can immediately deduce that
firm 2'sreaction function is
1-a
4

2 =
Substituting firm 1's reaction function into firm 2's we see that

4y =1- :1__1—4q2 =3+

4
That is,

160, =3+0p —» 1502=3
Therefore, g1 = =3, p=3£.
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b) If firm 1 produces first, it will take firm 2's reaction to its own output into ac-
count. Therefore, we can rewrite the demand curve faced by firm 1 as;

1-ow _ 3 3q
=1- - =1 - - =_—_ -t
p G — Q2 sl 2 2 2
Firm 1's marginal revenue functionis:
3 _3m
M =_-_%*
R 4 2

Equating marginal cost to marginal revenue, we get

=3 3% o3 o ou .3
W=7 2 2Ty BT P 5

c¢) No matter what price one firm sets, the other firm can always do better by setting
a“dlightly” lower price and capturing the whole market. Therefore, the only pos-
sible equilibrium is when both firms set a price equal to marginal cost. Since the
two firms produce an identical product, consumers have no reason to discrimi-
nate between the two firms, so the two firms will split the market. Thus, the de-
mand curve can be rewritten as p = 1 — 2q, where q is the amount produced by

each firm. Then setting price equal to marginal cost, we get =2 and p = 3.

—IF

11.6  Collusive Duopoly

There is something that does not sound right about the results of the Bertrand model. With
only two firmsin amarket, it is hard to believe that the price will be driven down to alevel
that will maximize the welfare of consumers but minimize the profits of the firms. The
Cournot model seems more intuitively correct because it tells us that as more firms enter a
market, the price will gradually drop from the monopoly level to the welfare-maximizing
level. In the Bertrand model, the addition of just one firm brings about a dramatic change
inprice level.

One simple reason why we find it difficult to believe that price will decrease to mar-
ginal cost in a duopolistic market is that we expect the two firms involved to get together
and work out a more favorable pricing arrangement between themselves. In other words,
we expect the two firmsto collude on price. In such a collusive duopoly, both firms agree
to set the same price at some level above marginal cost and to split the market and its prof-
its. The problem with arrangements of this type is that each firm has a great incentive to
cheat and sell to some customers at a price below the agreed price of p. Hence, collusive
arrangements are usually not stable. At some point, most firms involved in such arrange-
ments will cheat; and once cheating starts, it usually continues until the price is driven
down to marginal cost.

To understand this situation more clearly, let us consider the following simple ma-
trix game between two Bertrand duopolists who have agreed to collude at a price
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Zable
1.1 Matrix of the Payoffs from a Game Involving a Collusive Pricing Arrangement
Firm 2
Honor Agreement Cheat
Firm 1 Honor Agreement $1,000,000  $1,000,000 | $200,000 $1,200,000
Cheat $1,200,000 $ 200,000 | $500,000 $ 500,000

above marginal cost. Once the agreement is in effect, each firm is tempted to cheat by
offering secret deals to some customers at slightly lower prices in order to obtain their
business.

The game matrix in Table 11.1 illustrates the situation that our colluding duopolists
face. Each of them has two possible strategies. cheat or honor the agreement. If both firms
honor the agreement, each will receive a payoff of $1 million. However, if one firm honors
the agreement and the other firm cheats, the cheater will do relatively better. That firm will
receive $1.2 million, but the firm that honors the agreement will receive only $200,000.
Mutual cheating will yield a payoff of $500,000 for each firm.

Note that this game is nothing more than another example of the prisoner’s dilemma
game described in Chapter 7. Each firm has a dominant strategy, which is to cheat; conse-
quently, cheating by both firms forms the only equilibrium for the game. However, asin al
prisoner’s dilemma games, the equilibrium is worse for both firms than is honoring the
collusive agreement. The lesson that this game teaches us is that collusive agreements are
inherently unstable and very vulnerable to cheating by all partiesinvolved. In recent years,
the failure of the OPEC cartel to control oil prices effectively because of disagreements
among its members has provided an example of the instability of cartels. Widespread
cheating on production quotas is just one of the many problems that OPEC has faced in
trying to enforce its price-fixing rules. These problems are merely areflection of the basic
weakness of collusive arrangements asillustrated by the simple matrix gamein Table 11.1.

Solved Problem 11.7

Question (Application and Extension: Collusive Duopoly)

The city of San Dimas offers franchises for street taco stands for bid. The demand for
tacosin San Dimasis g = 2,000 — 200p, and the marginal cost of ataco is $1 (there are no
fixed costs). The bids, which must be submitted in a sealed envelope, must state the price
at which bidders intend to sell the tacos. Whoever submits the lowest price will win the
franchises. There are only two prospective bidders, Bill and Tina. They both know each
other very well and decide to meet and discuss how they should bid before their weekly
round of golf at the local country club. They agree to enter the same bid so that they can
each get half the stands and maximize their profits.
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If Bill and Tina do collude, what price would both announce? Is the arrangement sta-
ble? If not, what is the equilibrium price each will bid?

Answer

If Bill and Tina do collude, they would each bid the monopoly price. The inverse demand
curveis p = 10 — /200, which means that the marginal revenue curveis MR = 10 — ¢/100.
Setting marginal revenue equal to marginal cost, we see that

10--3 =1
100
g = 900
Plugging this quantity back into the demand curve, we see that the monopoly price is

$5.50. Thisiswhat Bill and Tinawould bath bid if they colluded, and both would earn the
following profit:

m =%[(5.50)(900) ~(1)(900)] =$2,025

Collusion here is not stable, though, because there is no way to enforce it. Imagine if
Bill goes through with the plan, but Tina bids $5.49 instead. Then Tinawill win al of the
franchises and will get the following profit:

T =(5.49)(902) — (1)(902) = $4,049.98

Therefore, each would have incentive to cheat on the deal. The only equilibrium is for
them to bid $1, their marginal cost. At any higher bid there would be incentive for the
other bidder to undercut. This situation is nothing more than the Bertrand oligopoly game.

—IF

11.7 Making Cartels Stable: The Kinked Demand

Curve Conjecture

From our discussion in Section 11.6, it would appear that all cartels are doomed to failure
because they are inherently unstable. However, that instability is predicated on certain as-
sumptions; if these assumptions are relaxed, it may turn out that collusive arrangements
are more viable than we thought. For example, our analysis of the prisoner’s dilemma
game at the end of Section 11.6 presents a collusive arrangement as a game that is to be
played once and only once between the two firmsinvolved. However, in the real world, we
know that firms that enter into a collusive arrangement meet each other regularly in the
marketplace and interact repeatedly. It is natural to expect that this repeated interaction
will facilitate collusion because it permits firms to punish a cheater by lowering their price
once they become aware of the cheater’s defection from the collusive agreement. Conse-
quently, if wetreat a collusive arrangement as a repeated game and not a one-time game as
we did previoudly, then we may find that such an arrangement can have a more stable out-
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come. (The appendix to this chapter presents a model of repeated interaction between
Cournot-like firms and demonstrates that if a market has an infinite life, collusion is an
equilibrium outcome. This discussion has been relegated to the appendix because it is
more technical in nature than the rest of our analysis and is probably best suited to those
students who have a taste for mathematics.)

Even without ascribing infinite life to markets, we can envision the emergence of
stable collusive agreements if we relax the definition of what constitutes an equilib-
rium for these markets. The Cournot and Bertrand models define an equilibrium as a
situation in which no firm or player has any incentive to change its behavior (either the
quantity it is producing or the price it is charging), given the actions of its opponents
and given the assumption that its opponents will not respond to any action that it
takes. We earlier called this assumption the Cournot conjecture. Actually, it might
make more sense for a firm to expect its opponents to react when it changes its strat-
egy; such reactions, if taken into account before the players make their moves, might
change the outcome of the game and make collusion more likely. This line of reason-
ing allows us to see how a stable collusive arrangement might emerge even if agameis
not repeated an infinite number of times. For example, let us make the logical assump-
tion that in a Bertrand game, any action by one firm to raise the prevailing price in the
market will not be matched by its competitors, but any action by one firm to lower the
prevailing price will be matched. Hence, a firm that raises its price will find that its de-
mand will drop to zero. Because the firm’'s competitors will not match the price in-
crease, they will be able to take away its market share. On the other hand, a firm that
lowers its price will experience an increase in demand but will see its profits fall be-
cause its competitors will match the price reduction, pushing profits further from their
joint maximum.

To make our example more precise, et us say that at present both firms in our duopo-
listic industry are charging a price of p, which is between the marginal cost and the mo-
nopoly price, ¢ < p < p™ At aprice of p for the product, the demand facing firm i can be
expressed as follows.

0 ifp>p

-
D(p)
D(p) = 2
D
D@—(Zpi) ifp <p

Clearly, with this demand function, neither firm will want to raise or lower its price.
According to our conjecture about behavior in a Bertrand game, any attempt by one firm
to change the prevailing market price will be of no advantage to that firm. In fact, the firm
will be worse off. If the firm raises its price, its competitor will not match the increase and
it will lose dl its sales. If the firm lowersits price, say from p to p’' < p, then its competitor
will react by matching the reduction. As aresult, firmi's demand will rise from D;( p, p)/2
to Di(p', p')/2, but because p is already below the monopoly price of p™, a further reduc-
tion will only serve to decrease the profits of both duopolists. Profits will fall because the
increased demand will lead the two firms to expand production to units whose marginal
cost is even further above marginal revenue. Therefore, neither firm will choose to make

ifp=p
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such a price reduction. The assumption that firms will match a reduction but not an in-
crease in the prevailing price is called the kinked demand curve conjecture and is re-
sponsible for the stability of duopolistic and oligopolistic markets.

The kinked demand curve conjecture establishes any price between ¢ and p™ as an
equilibrium price aslong as all firms choose it. Thiswill be true even if the game is played
only once aslong as the firms behave according to the kinked demand curve conjecture. In
short, the Cournot and Bertrand models exclude the possibility of a stable collusive
arrangement because they use a conjectural assumption about the behavior of competing
firmsthat is too restrictive.

The Edgeworth Model

To find a more profitable equilibrium for a duopolistic industry than the welfare-optimal
prices and quantities in the Bertrand model, we have had to resort to the kinked demand
curve conjecture or to the idea of markets with infinite horizons. Our gadget maker is not
satisfied with this analysis or with our previous analysis of duopolistic markets, especially
since the results differ so dramatically depending on whether we use a price version or a
guantity version of the duopoly model. Our gadget maker therefore decides to obtain the
views of one more consulting firm. This firm bases its opinions on the work of Francis
Ysidro Edgeworth, whose name we encountered previously in our study of exchange in
Chapter 4.

The logic behind the Edgeworth model issimple. Let us say that both firmsin the gad-
getsindustry do indeed charge the marginal cost price, and together, they have enough ca-
pacity to satisfy demand so that al consumers who want gadgets can obtain them. Asare-
sult, neither firm makes a profit. But what will happen if one firm, say firm 1, raisesits
price above marginal cost? Obvioudly, all consumerswill attempt to buy their gadgets from
firm 2. However, because firm 2 is capacity-constrained, it will not be able to serve every-
one, so there will be some unsatisfied customers willing to pay more than marginal cost to
buy gadgets. Firm 1 can now offer gadgets to these customers at a price above marginal
cost and thereby make a profit. The marginal cost solution is not an equilibrium in this sit-
uation. The exact nature of the solution will depend on how we define the rationing rule
that tells us who will obtain gadgets from firm 2 when it keepsits price at marginal cost af-
ter firm 1 has deviated from this price.

Although a full description of the pricing process in the Edgeworth mode! is beyond
our needs here, the following example will provide an intuitive understanding of this
process. Assume that both firms in the gadgets industry have enough capacity individually
to satisfy demand for the monopoly quantity of ™ but not enough capacity to satisfy de-
mand for the welfare-optimal quantity of g° when the price is equal to the marginal cost.
Further, assume that prices are set such that p™ > p! > p? > pF, so that firm 1's price is
above firm 2'sprice. In this case, al consumerswill want to buy from firm 2. If firm 2 can
satisfy the entire market at a price of p?, then firm 1 will have no customers. As a resullt,
firm 1 will surely lower its price from p' to p? — e and attract all the demand. This price re-
duction by firm 1 will cause prices to fall until both firms are charging the marginal cost
price. However, we already know that a situation in which both firms charge the marginal
cost price is not an equilibrium in the Edgeworth model. Hence, one firm will raise its



11.9 Conclusions 439

Consulting Report 11.4
Using the Edgeworth Model to Describe Price Behavior in a Duopolistic Market

The consultants tell our gadget maker that the Edgeworth model presents both good and
bad news about price behavior in a duopolistic market. The good news is that this model
offers a solution to the problem of price competition in which prices do not fall to mar-
gina cost. The bad news isthat this model does not have an equilibrium of the type we ex-
pect to see. In other words, a game defined by the Edgeworth model will not have a pair of
prices that constitute an equilibrium. The consultants explain that this lack of an equilib-
rium occurs because underlying the Edgeworth model is the assumption that the two firms
in a duopolistic market are capacity-constrained, which means that neither firm has
enough capacity to produce the quantity that would be demanded at the marginal cost
price of c. This rather realistic assumption is al that is needed to establish a situation in
which the prices set by the two firms do not inevitably fall to margina cost and remain
there.

Instead, the Edgeworth model describes a market in which prices move in cycles. As
each firm attempts to maximize its profits, prices rise and then fal, but they never settle
permanently at one level. If prices reach marginal cost, they always move back to a higher
level.

price and the process of changing the price to maximize profits will start al over again. If,
however, at the original price configuration, firm 2 cannot satisfy the entire demand, then
firm 1 will receive some customers. There will then be an incentive for firm 2 to raise its
price to p! — e because, by doing so, it will increase its profits even though the higher price
will drive some customers away. (We know that this is true because as the firm raises its
price, p? comes closer to the monopoly price and the firm’s profits increase.) The price
configuration in the gadgets industry will now be firm 1 charging p* and firm 2 charging
p! —e. Again, there is no equilibrium. After the two firms establish this pair of prices, firm
1 will want to lower its price to p! — e — e because this small price reduction will bring a
large increase in demand. As the low-cost firm in the market, firm 1 will now be able to
capture sales from firm 2.

Prices will continueto fall until marginal cost is reached, and then they will rise again
when one firm decides to increase its price. Thus, in the Edgeworth model, capacity con-
straints cause prices to cycle endlessly and never settle at any particular level. An industry
will go through periods when prices fall (“price wars”) and periods when prices rise.

11.9 Conclusions
Our primitive society will soon make the transition to markets that are composed of many

competing firms. However, at the moment, its markets are still dominated by a few large
firms. We would expect such firms, knowing that more competition is on the way, to try to
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develop strategies to keep other firms from entering their markets. Naturally, incumbent
firmsfear that the entry of new firmswill lead to lower prices and lower profits. In the next
chapter, we will see how the battle is waged between the new firmsthat want to enter an es-
tablished market and the incumbent firms that are attempting to prevent such entry. We will
also see what happens when the number of firms in a market goes to infinity. This next
chapter, then, will lay the groundwork for our study of perfectly competitive markets, or
markets inhabited by a great many small firms. We will examine such markets in detail in
Chapter 13.

11.10 Summaﬂ[

In this chapter, we saw how competition for profits affects quantity and price in duopolistic
and oligopolistic markets. We studied various well-known models for such markets. the
Cournot quantity-setting model, the Stackelberg leader-follower model, the Bertrand
price-setting model, and the Edgeworth model. To describe the equilibria or lack of equi-
libria envisioned by these models, we have defined the concept of a reaction or best-
response function. We observed that each model makes a very different prediction about
how prices and quantities will behave. We also analyzed the welfare properties of duopo-
listic and oligopolistic markets and found that they varied according to the model used to
describe the market.

We investigated collusive arrangements (cartels) in which firms agree to set certain
prices or quantities in order to ensure profitability for each participant. Although such
arrangements are normally considered unstable, we saw that it was possible to envision
stable collusive arrangements by using the kinked demand curve conjecture or the idea of
markets with infinite horizons.

Appendix A

Nash Equilibrium in Duopoly

In markets with few firms, each firm must take into account not only the parameters it
faces, that is, the market demand and its costs, but also the anticipated actions of its com-
petitors. When the anticipated actions of each firm are realized in the market, an eqguilib-
rium is established. To see this, assume the market consists of two firms that produce the
same (homogenous) product—the two firms, labelled 1 and 2, produce, respectively, quan-
tities g; and q,. Hence, the aggregate quantity on the market isQ =q; + g,. Let

PQ =a-Q forQ<a
=0 forQ=a
be the inverse demand function, which just indicates the market-clearing price when quan-
tity Q is on the market.
Suppose the total cost to the firm i of producing the quantity g; is Ci(q) =ciq;, i =1, 2;
that is, firm 1's marginal cost is ¢; and firm 2's marginal cost is ¢,. The payoff is the same
as profits, and

(g, q) = ai(P(gi + q) —¢c) =gi(@a— (g + q) —c)
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1. Best-Response Functions

The best-response functions describe the profit-maximizing output of firm i, given any
output by that firm j. Hence, the best-response function for firm 1 is obtained by maximiz-
ing the profit function for firm 1 given that firm 2 is known to produce the (arbitrary)
amount gy; oFR solves

M AX{0<scp<od Ttl(qu q2)

0 MaxXposg<e (& (ar o} 1)
The first-order condition can be written as

1
R = Ri(a2) :E(a_QZ -C)

Similarly, the best response g5R for firm 2 is obtained as the solution to

M ax{05q2<oo} T[Z (ql! q2)

0 MaXosg<eg Go(& (A G2) C2)
and the first-order conditionsyield

1
05" = Re(c) = > (@ - —c2)
R1(gp) and Rx(q) are the best-response functions. See Figure 11.7 in the text.

2. The Cournot Model

In the Cournot model, both firms make their production decisions simultaneously, and
then the total quantity is brought to the market. Each firm chooses its output g; from a set
of nonnegative real numbers [0, «); that is, 0 < g; < oo.

The quantity pair (g7, g%) isaNash equilibrium if,

(i) for firm 1, g7 solves

MaX{o<q<eq T (Ch, 02 )
or
MaX{osq<eq (@ = (Ch +G3) = C1)
(ii) for firm 2, g5 solves
MaX(o<q,<e Ti(G1,02)
or

MaX(o<q, <o G2(a = (01 +02) —C2)

In other words, if both firms anticipate (97, g%) in the market, then their best response
to that anticipation isin fact to choose (7, g%).
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The first-order conditions yield the best response of firm 1 to firm 2's equilibrium out-
put qf, j =2, 1. These best responses can be written as

1 *
o} :E(a‘% - 1)

1
07] :E(a‘(ﬁ -C)

The intersection of the reaction curves (derived in the previous sections) is the Nash
equilibrium of the Cournot game (see Figure 11.7 in the text): clearly, at (g7, q5), the best
reactions of the two firms match one another. To calculate the Nash equilibrium, we sim-
ply solve the pair of simultaneous equations for g; and g’. This procedure yields

0 = %(a+cz -2¢)

% = %(a +01 —2¢p)
Consider the symmetric case, when ¢; = ¢, = ¢. Then

1
G =z =3(@-0)
" * * 2
Q=a + =§(a—0)

PQ=2a-Q :é(a +20)

It isimportant to note that the total production under the Nash outcome is higher than that
in the collusive outcome. In this case, the joint profits are maximized:

MaX{os(q,q0)<e (@ = (Ch +0B) —C1) +0p(a —(CF +02) —Cp)
M@X{o<(qy,00)<e0} (G + O2)@ = (Ch +G2)? — (b +02)C, assumingc; =C; =C

The first-order conditionsyield Q = q; + g, = (3)(a—c), which is lower than the output
(%)(a — ¢) of the Cournot equilibrium and P(Q) = (3)(a + ¢), which is higher than the
price (3)(a + 2c) associated with the Cournot equilibrium.

3. The Sackelberg Model

In the Stackelberg model, one of the firms (called the dominant firm) moves first and
chooses output, and then the other firm makes its output decision; that is, (i) firm 1
chooses g, = 0, then (ii) firm 2 observes g; and chooses g, = 0. Assume that all costs, de-
mands, and profits are identical to those in the Cournot case.

To compute the subgame perfect equilibrium of this game, we proceed backwards.
Given that firm 1 has produced a quantity g, firm 2's decision problemisto

Max;g,>q d2(a—(ch +2) —C2)
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which yields areaction function

R(@) = 2 (a1 - c2)

as before.
Firm 1 should anticipate that its quantity choice of g, will be met by the reaction
Rx(d1). Thisimpliesthat firm 1's problemis:

Max(q,>q Ta(0r, Re(ch))

or
Max{q,>q th(a = (th + Re(ch)) — 1))
Substitution for Ry(q;) yields
A—t +C —2¢.[
Max(qg cup— 22 = 20T
which yields

*

o} =%(a+02 -2¢)

P = Re(ch) :%(3‘302 +20)

In the symmetric case, where all costs are identical, g3 = 1 (a—c) and g5 = 2(a— ).
Graphically, what this means is that firm 1 chooses its output such that firm 2's reac-
tion curve Ry(q;,) is tangent to firm 1'sisoprofit curve. See Figure 11.9 in the text.

Appendix 13

Implicit Collusion and Repeated Games

Most duopolistic situations are repeated over and over again and involve the same two
firms. We cannot properly analyze these situations by using the Bertrand model (or
even the Cournot model) because such models assume that duopoly games will be
played only once and therefore provide a static view of these games. However, as we
learned in Chapter 11, if duopolistic games are repeated, there may be more of a
chance to establish stable collusive arrangements because there will be a greater oppor-
tunity to punish firms that cheat. Hence, the proper game to analyze is the supergame
(see the appendix of Chapter 7), which we will define here as the one-time Bertrand
game played repeatedly for an infinite number of periods. If the Bertrand game is
played in this manner, then a strategy will involve a rule dictating behavior at each
point in time, possibly as a function of what has happened in all periods in the past—
history of the game.
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A Strategy for Achieving a Collusive Equilibriumin the Bertrand Supergame

To provethat implicit collusion that is self-enforcing can occur in amarket, let us consider the
following strategy. We will assume that both firms in the gadgets industry use this strategy.

1. Choose the monopoly price of p™in period O.

2. Continue to choose the monopoly price of p™in period t as long as one's opponent has
chosen p™ or a higher pricein every period from period O to period t — 1.

3. If one’s opponent has deviated and chosen aprice of p < p™in period t — 1, then choose
the marginal cost price of p=cin period t and every period thereafter.

Our gadget maker claims that if both firmsin the industry follow such a strategy and
if the discount factor used by both firmsis sufficiently large, then this strategy will provide
an infinite stream of choices, in which each firm will select the monopoly price of p™in
each period. Neither firm has any incentive to cheat and choose alower price. Perfect col-
lusion at the monopoly price is a Nash equilibrium for the Bertrand supergame.

Proving the Collusive Equilibrium

Our proof of this proposition follows along the same lines as the proof given in Chapter 7
for the existence of a supergame equilibrium in a repeated prisoner’s dilemma game. We
will assume, as the one-time Bertrand model has us do, that when both firms set the mo-
nopoly price, they will share the market and receive the profit denoted by Ti"/2. At this out-
come, the price is p™ and each firm produces D(p™, p™)/2. Clearly, because p™ is greater
than the marginal cost of production of ¢, both firms will make a positive profit. Now, let
us call 1€ the profit that is earned when both firms set a price equal to marginal cost, and
let us call Ti(p™ — €, p™) the profit to firm i when it chooses a price of p™ — e < p™ and
firm j chooses a price of p™. Obvioudly, the profit to firm i in the latter case is larger than
either Tt/2 or T because 11(p™ — €, p™) represents a situation where firm i is serving the
entire market at a price only dightly below the monopoly price, which must be better than
serving only half the market at p™.

Let us say that our gadget maker’s proposed strategy is used by both firms. Asaresult,
they will receive the payoff of /2 in each period. The present value of receiving this pay-
off forever is (T"/2)/(1 — &), where d is the discount factor used for both firms. If perfect
collusion at the monopoly price is to be an equilibrium for the game, it must be that nei-
ther firm has an incentive to deviate. We can demonstrate that this is so for the following
reasons. Let us say that firm 1 contemplates cheating in period t by choosing alower price
than p™. (We will assume that neither firm will want to cheat by choosing a higher price
because such a deviation can never be beneficial. The other firm will not respond to a price
increase, and the deviating firm will therefore lose all its sales.) The deviating firm's strat-
egy can be summarized in the following way: “1 will choose p™ for al periods until pe-
riod t. In period t, | will deviate and choose p™ — e < p™. From that point on, | know that
my opponent will try to punish me forever by choosing p = ¢. My best response to such
punishment isto choose p = ¢ aso, which iswhat | will do startingin periodt + 1.

Such a deviation strategy will yield firm 1 a payoff stream of V2, V2, . . . "2,
m(p"—e, pM), TC, . . . . Thus, if firm 1 deviatesin period t but firm 2 adheresto the origi-
nal strategy, then firm 1 will receive a payoff of /2 for all periods until period t. In pe-
riod t, when firm 1 cheats by lowering its price to p™ — e, it will receive a one-period
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cheater’s payoff of Ti(p™—e, p™). From then on, both firmswill choose a price that is equal
to marginal cost and receive a payoff of 1. Is such a deviation profitable for firm 1, given
that firm 2 will not change its planned strategy? Put differently, is the one-period cheater's
payoff sufficiently enticing to make firm 1 want to risk eternal marginal cost pricing?

To identify the conditions under which no deviation is profitable, we will let P, be the
payoff to firm 1 in the supergame. If firm 1 deviates and firm 2 adheres to its strategy, then
firm 1's supergame payoff when discounted to the beginning of timeis asfollows:

t-1 o0
=Y T raripn-cpm + 3 &

p=0 p=t+l

oP M

The payoff for adhering to the proposed strategy is Py = Z35-o 8°1t"/2. Note that until
period t, the two strategies yield the same payoff because they both dictate the same ac-
tions. In period t, however, the actions differ and so do the payoffs. The question then is
whether a planned deviation in period t would be profitable when contemplated in pe-
riod 0. Such adeviation is profitable under the following conditions:

S'TE(p™ — €, p™) + z FrE 2

p=t+1 p=t

oPTIM
2

Hence, it is profitable to deviate if the payoff stream from deviating in period t (the terms
on the left side of the inequality) is greater than the payoff from not deviating (the term on
the right side of the inequality). This inequality can be rewritten in the following manner:
ot(mm/2) otHire
—~ T < Bt m—e pmM + ——
1-9) TE(p™ ~ €, p™) -9
After algebraic manipulation, we find that a deviation is profitable only under the follow-
ing circumstance:

H(pM -, p™ - /2
T§(p™ -, pT) - TF
If this duopolistic situation is repeated over an infinite horizon and if the discount fac-
tors of the firms are large enough, then it will be possible to support an infinite history of

monopoly prices, with no firm having any incentive to deviate. Infinite horizons plus high
discount factors equal collusive behavior.

o<
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Sxercises and Problems

1. Consider aduopoalistic market with a demand function of p = 10— 2(ga + gg). FirmA
has a cost function of CA =4 — g + g&, while firm B has a cost function of Cg = 5
— Qg + G8. Assume that these firms can choose only their output levels and that their
choices are constrained in the following way: firm A can produce either g, = .92 or
.94, while firm B can produce either gg = .41 or .74.

a) Assuming that payoffs are identical to profits, supply the information that is
missing from the matrix given below. In this matrix, I and Mg are the pay-
offsto firms A and B, respectively.

OB
41 74
92 (I-IA1 I_IB) ( ’ )
da
94 (.. (-,

b) Say that firmsA and B are players in a game where they can choose only the
output levels specified previously. Does the choice of .94 by firm A and the
choice of .74 by firm B constitute a Nash equilibrium for the game?

2. Assume that two firms, A and B, compete with each other in the same market. They
produce a commodity that has the following demand: p = 1 — ga — gg. Each firm must
decide what fraction of the market to supply by choosing an output level between O
and 1. There are no fixed costs of production, and the marginal costs are zero. The
profit of firmA isllp=(1—0ga—0g)Jda, and the profit of firm B isllg = (1 —0a—09g)Js.

a) |If firm B sets output levels of gg = 3, 1, 2, and 1, what is the demand func-
tion facing firm A in each case?

b) What is firm A's marginal revenue function for each output level of gg cho-
sen by firm B? (Note: The slope of the marginal revenue curve for afirm fac-
ing a linear downward-sloping demand curve is twice the slope of the de-
mand curve.)

¢) Using the Cournot conjecture, assume that after firm B sets its output levels,
firm A will consider these output levelsto be fixed. What is the best response of
firm A to firm B’s choice of the output levels of gz = %, 4, 2, and 1? (Hint: Re-
member that firm A will set MR = MC = 0 for each level of output chosen by
firmB.)

d) What will the Cournot-Nash equilibrium be in this example? What will the
corresponding equilibrium price be?

€) On agraph, plot the market demand curve, the equilibrium output for the in-
dustry, and the consumer surplus generated at this equilibrium. Also, calcu-
late the deadweight loss.

3. Consider two firms, A and B, that produce a commodity with the same demand and
cost structure as in Problem 2. However, assume that instead of choosing a quantity
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like Cournot duopolists, the firms choose a price like Bertrand duopolists. The game
they play isasfollows. If firm A's priceis lower than firm B’s price, firm A obtains all
the customers in the market who are willing to pay its price (or more). Firm A will
therefore sell ga = 1 — pa units, and firm B will sell zero units. Firm A’s profit will be
T = (1 — pa)pa, While firm B’s profit will be zero. The opposite happens if firm B
sets alower price than firm A. If the two firms set the same price, pa = pg, they will
split the market demand equally and will receive profits of M = (5)(1 — pa)Pa = Tis
=(3)1- pe)pe.

a) IffirmA setsapriceof 3 and so doesfirm B, what profit will each firm make?

b) What output will each firm sell when they both set a price of 1?

¢) Isthispair of prices an equilibrium?

d) What isthe only pair of prices that constitutes an equilibrium for this game?

€) Isthis equilibrium the one that maximizes the sum of consumer welfare and
producer welfare?

Consider a duopolistic market with two firms, A and B, facing a demand curve of
p =1-qga—gg. Assume that initially each firm has access to the same technology
with constant returns to scale and that the cost of production is Ca = ga/2 for firm A
and Cg = gg/2 for firm B. Also assume that the two firms can only set output levels
that are between 0 and 1.

a) What isthe profit function for each firm?

b) Assume that you aretold that the reaction functions are g = 3 — gg/2 for firm
A and gg = 5 — gg/2 for firm B. Graph these reaction functions in a box like
the one shown below.

Us
S
10
4 3 4
0 *X(35, 10
3
10
12
10 *Y (%0, 10
1
10
aa
0 1 2 3 4 5

¢) What isthe Nash equilibrium for this game?

d) Assumethat theinital output levels of the two firms are given by points X and
Y in the box illustrated here. Show the process of change in the output levels
of the two firms and the point at which their output levels converge.

€) Onthe basis of the two paths, one leading from point X and the other leading
from point Y, do you think that the Nash equilibrium of this game is stable?



448 Chapter 11~ The World of Oligopoly: Preliminaries to Successful Entry

5. Assume that two firms, A and B, have the same demand function as in Problem 4,
but their cost functions are: Ca = (3)ga — (3)0a for firm A and Cg = (3)0g — (3)8
for firm B.

a)

Do these firms have increasing, decreasing, or constant returns to scale in
production?

b) The reaction functions of the two firms are as follows:

0)
d)

AT 11— 208, if (Y4) < s < (V2)

_ {(1/2), if 0< ga < (1/4)
98 = \1- 2qa, if (V4) < ga < (¥2)

Graph these reaction functions in abox like the one given below Assume that
the output of each firm is restricted to levels between 0 and 3

q _{(1/2), if0<gs <(I/4)

OB

5
10
4
10
3
10
25 A

[ ]
2
10
1
10

Qa
0 1 2 25 3 4 5

What are the Nash equilibriafor this game? How many are there? (Hint: Find

the point Where the reaction functions of the two firms intersect.)

Assume that (3, 3) is a Nash equilibrium. If we start at point A = (%, 3), do

the output levels of the duopolists converge at the equilibrium point
5 )’7 What might we conclude about the stability of the equilibrium

point (3, 1)?

6. Consider anindustry that consists of two firms: the Nice firm and the Nasty firm. The
demandin thls industry isp=1— qN,oe Onasty: and the two firms have cost functions
of CN,ce (z)qNIce and Casty = (Z)qNathy Assume that there is a Nash equilibrium of
(6, 6) in the industry. Then the Nasty firm announces that unless the Nice firm pro-
duces no more goods and leaves the market (thus allowing Nasty to be a monopolist
and produce an output of 1), it will “flood the market” by producing an output of 1
and will therefore drive the price to zero. The game tree in Figure 11.13 depicts this
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Figure 11.13

The numbers in parentheses refer to profits. The first number is Nasty’s profit, and the
second number is Nice's profit.
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Produce
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Nice
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produce Stay out
6

Stay out
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Produce 1 Produce Produce 1

6

o [

CES 3:3) (%:3) 2.-1

situation. In the first stage of the game, Nasty announces its intention to produce ei-
ther 1 or %. In the second stage, Nice decides whether to leave the market or not after
hearing Nasty’s announcement. In the third stage, Nasty chooses its output after ob-
serving Nice's decision. Note that Nasty’s announcement at the first stage of the game
is nonbinding because Nasty does not have to carry out its threat.

a) Isthethreat of the Nasty firm to produce an output of 1 and flood the market
credible? If not, why not? (Hint: Start at the end of the game tree, and work
backward to find the subgame perfect equilibrium.)

b) Does Nasty's ability to announce an intended strategy increase its equilib-
rium payoff compared to the Cournot-Nash equilibrium payoff?

¢) Now assumethat the gameis played by allowing Nasty to choose an output level
first and then having Nice choose aresponse. In other words, Nasty is a Stackel-
berg leader. Find the Stackelberg equilibrium. Does it pay for Nasty to be
a Stackelberg |eader? (Hint: The best response of Niceis — (3)0nasy-)
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7. Assume that there are two firms in a market, firms 1 and 2. The total demand for the
identical product they make is p = 200 — 2(qg; + qy), where q; is the output of firm 1
and q2 isthe output of firm 2. The production costsof firmsland 2 areC; = ql and C,

= g, respectively.

a)

b)

Assume that firm 2 decides to produce either 20, 40, 60, or 100 units of out-
put. Show the demand curve and the marginal revenue curve facing firm 1in
each of these situations, assuming that the output levels will remain un-
changed once they are chosen.

Define the output that represents the best (the profit-maximizing) response of
firm 1 to each of the output levels chosen by firm 2. (Hint: Given the output
of firm 2, define the demand and marginal revenue functions. Then set the
marginal revenue so that it is equal to the marginal cost, where the marginal
cost of the two firmsis MC; = 2q, and MC, = 2g,.)

8. Consider amonopolist facing a demand curve of p =1 —qy,, where gy |sthe monop-
olist’s output. The firm has no marg| nal cost, but it must bear afixed cost of 4 in order
to produce. Thus, its cost function is C(qy) = %

a)
b)

0

d)

Determine the monopolist’s profit-maximizing output.

Suppose that another firm is thinking about entering the market. It also has a
zero marginal cost, but its fixed cost is 7. If the second firm does decide to
enter the market, what will the Nash equilibrium profits of the two firms be
after entry occurs?

Suppose that the monopolist commits itself to a monopoly output (the output
it was producing before there was any threat of competition), and it will pro-
duce this output no matter what the entrant does. Can the entrant make a pos-
itive profit by choosing the best response to the monopoly output?

What is the smallest output that the monopolist can choose that will prevent
entry by therival firm? In other words, what is the smallest output that will
deny therival firm a positive profit if it does enter the market and the monop-
olist actually produces its chosen output?

9. Consider the following matrix, which shows the payoffs for a game between two
firmsin a duopolistic industry.

a)

Firm Il

Low Price High Price
Low Price 0,0 20,8
High Price -8, 20 55

Firm |

What is the only Nash equilibrium in pure strategies for this game?

b) Arethere dominant strategies for each firm?
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¢) Now suppose that the cost structure in the industry has changed so that the
new payoffs for the game are as shown below. Is the Nash equilibrium deter-
mined in Part a of this problem still an equilibrium?

Firm 11

Low Price High Price
Low Price 0,0 0,-10
High Price -10,0 55

Firm

d) Arethere now any other equilibria?
€) If there are now several equilibria for the game, which one do you think is
likely to be chosen? Why?



