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Chapter 3

3.1

Exponential and Logarithmic
Functions

of economics. The growth rates of variables like national income, wages, the size

of the labor force, the value of a currency, and the price of goods and services are
common in economics. This chapter will demonstrate that exponential functions, intro-
duced in the previous chapter, have a special role in economic analysis because of their
use in calculating the growth of variables over time. Exponential functions also play an
important role in a related problem—the calculation of the present value of a future
payment. The analysis of the calculation of growth rates presented in Section 3.1 natu-
rally leads to the discussion of a special type of exponential function, presented in
Section 3.2, that is instrumental in growth and present value calculations.

Exponential functions are strictly monotonic and, therefore, one-to-one. As dis-
cussed in Chapter 2, one-to-one functions have an inverse. The inverse of an exponen-
tial function is called a logarithmic function. The properties of logarithmic functions
are discussed in Section 3.3. The discussion in that section, along with the accompany-
ing applications, shows how logarithmic functions have a range of uses in economic
analysis. These include the transformation of a nonlinear relationship into a linear
expression, which is more easily evaluated, and, as is discussed in later chapters, the
specification of an economic function with a constant elasticity.

The growth of variables through time is an important calculation in many branches

CALCULATING GROWTH

An issue of central importance in economics is the rate of growth of income. High rates of
growth of income can provide dramatic improvements in the standard of living over time,
while low rates of income growth lead to stagnant material progress. As shown in Table 3.1,
rates of growth of real income per capita varied widely across countries and regions over
the period from 1990 to 1999. The average annual rate of growth of per capita income
among countries classified as low income was less than one-quarter of the rate among
countries classified as high income and just above one-sixth of the rate among countries
classified as middle income. There were also striking regional differences in the growth
rates of income per capita among low- and middle-income countries. The East Asia and
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TABLE 3.1 Average Annual Growth Rate of Income per Capita, 1990-1999

Country Group Growth Rate
High income countries 1.8%
Middle income countries 2.3%
Low income countries 0.4%
Country or Region (low and middle income countries) Growth Rate
East Asia and Pacific region 6.1%
Latin America and Caribbean region 1.7%
Sub-Saharan Africa -0.2%
China 9.6%

Pacific region had the most rapid growth while, on average, countries in Sub-Saharan
Africa experienced a decline in real income per capita. The country with the highest rate of
growth of income per capita during this period was China, with a rate of growth of 9.6%.!

While the disparities in growth rates are striking, it is not immediately obvious
what the implications are for future levels of income per capita. To address this ques-
tion, we begin by determining the general relationship between the growth rate of a
variable and its level at different moments in time. As a specific example, suppose per
capita income in a country equaled $1,000 in 1990 and income grew each year at a rate
of 5% . Income in 1991 is found by multiplying $1,000 by 1.05, which gives us $1,050. We
use 1.05 because it represents the original level plus a growth of 5% (thatis, 1 + 0.05).
In general terms, defining X, as the level of income in year ¢, X, as the level of income
in year ¢ + 1,and r as the growth rate (that is, 0.05), we have

Xt+1 = (1 + r)Xt‘

What was income in 1992? We use the same method, but in this case, the previous
year’s income is $1,050 rather than $1,000. Income in 1992 was therefore $1,050 - 1.05 =
$1,102.50. Again, generalizing this, we have

Xp=0+nX,=0+n0+0nX)=0+r?X,

The level of income in any year can be determined by repeated application of
this calculation. Table 3.2 shows the value of income in different years when there is an
initial level of income of $1,000 and a 5% growth rate. Income in any one year is calcu-
lated by multiplying the previous year’s income by 1.05. The change in income between
one year and the previous year, presented in the third column of Table 3.2, increases
with time since income itself grows in each successive year and the change in income
between year ¢ and year ¢ + 1 equals income in year ¢ times 0.05.

The general result in the final row of Table 3.2 follows from the preceding rows.
This general result shows that income in any year can be calculated by multiplying the
initial year’s income by (1.05)", where n is the number we add to 1990 to get the

IThese data are from the World Bank’s World Development Report 2000 (New York: Oxford University
Press, 2000), Tables 3 and 11.
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TABLE 3.2 Annual Income with a 5% Growth Rate

Year Y, AY=Y,- Y, ,
1990 $1,000.00 X (1.05)° = $1,000.00
1991 $1,000.00 x (1.05)! = $1,050.00 $50.00
1992 $1,050 X 1.05 = $1,000 X (1.05)* = $1,102.50 $52.50
1993 $1,120.50 X 1.05 = $1,000 X (1.05)* = $1,157.625 $55.125
1990 + n $1,000.00 X (1.05)" $1,000((1.05)" — (1.05)""1)

desired year. For example,n = 1 for 1991,n = 2 for 1992, and so on. This generalization
even extends to 1990, itself, as well as earlier years. For 1990, n = 0 and 1.05° = 1 since
any number raised to the zero power equals 1. For 1989,n = —1 and 1.057! = 0.95238
(approximately), so income in 1989 was approximately $952.38. Even more generally,
the formula for this type of discrete growth, that is, growth that occurs through com-
pounding once per period at the end of each period, is as follows.

Growth Formula with Discrete End-of-Period Compounding The relationship be-
tween the value of a variable in period ¢, X,, and its level in period ¢ + n, X, ,, when it
grows by the rate r at the end of each period, is

Xn =1 +1)"X,,

where r is expressed as a decimal (that is, 5% is expressed as r = 0.05) and n can be
positive (for periods later than ¢) or negative (for periods earlier than f).

The growth formula allows us to determine the effect of growth rates on the level
of income. For example, per capita income in China was $370 in 1990. This means that
since China’s rate of growth was 9.6%, per capita income in 1999 was approximately

$370-(1.096)° = $370-2.28 = $844.

Had China instead grown by the average rate for East Asian and Pacific countries dur-
ing this period (6.1%), its per capita income in 1999 would have been

$370-(1.061)° = $370-1.70 = $630.

The actual level of income in 1999 is 34% higher than this.> The average rate of growth
for all low-income countries during this period was 0.4%. If per capita income in China

’The percentage difference in two variables x and y, using y as a reference, equals

=2 100%.
y
In this case we have
$844$6;3§630 -100% = 34%.
Alternatively, the reference level could be the average of x and y. Calculating the difference in this way, we have
x—y $844 — $630

(1/2)(x + y) - (1/2)($630 + $844) -100% = 29%.
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FIGURE 3.1 Income with Compounding at the End of the Year

had grown at this rate, then in 1999 per capita income would have equaled
$370 - (1.004)° = $370 - 1.037 = $384.

Before moving on, it is important to recognize the way in which we are depicting
growth in all of these calculations. These calculations assume that the incremental
change due to growth occurs only at the end of a period. This type of discrete growth
path is reflected in Figure 3.1, which depicts the path of income presented in Table 3.2.
The time path of income in this figure is a step function. It is usually more natural to
think of continuous growth, which would be reflected in a smooth evolution over time
of variables like income or population. In the next section we will see how to calculate
growth that is compounded more often than once at the end of a period, including
the limiting (and in many instances more natural) case of continuously growing levels.

Exercises 3.1

1. Assume that X, = 100. What is the value of X, for each of the following values of
n and r?

(@) n=0,r=4%
(b) n=5r=3%
(c) n=1,r =100%
(d) n=50,r=4%
2. Now assume that X, = 50. Given the following negative values of n, which indicate
time periods that have already passed, and positive values of r, calculate the value

of Xy
(a) n=—-4,r=8%
(b) n = _4,}’ = 6%
(c) n=-1,r=6%
(d) n=-10,r = 2%
3. Now assume that X,,, = 25. Given the following values of n and r, calculate the
value of X,.
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(@) n=3,r=4%
®) n=3r=7%
(c) n=5r=7%
(d) n=0,r=100%
(e) n=-5r=2%

. Suppose you are a farmer that stores grain in a leaky silo so that you lose 2% of

your crop each year as a result of dampness and rot. To obtain the future value of
X, you still employ the same formula
XH—n = Xt(l + r)n.
If = —2%, what is the value of X,,, as n approaches infinity? That is, what
is lim X,(1+r)"? Will the value of X,,, ever equal zero?
n—owo

. Upon graduation, you secure a job with a firm willing to pay you an annual salary

of $50,000. Your contract stipulates annual increases equivalent to that year’s rate
of inflation plus 2%. Assume that £, = 2003.

(a) If inflation during your first year is 3%, what will your salary be for 2004?

(b) If the inflation rate then falls to 2% for each of the next two years, what salary
should you expect to earn in 2006?

(c) In 2006, your firm decides that cost-of-living—based raises are too variable for
their budgeting requirements. Instead they offer you a fixed 6% annual
increase. What will your salary be in 2012 (¢ = 6)?

. Assume a firm’s net profits are $50 million in 2000 and are expected to grow at a

steady rate of 6% per year through the end of the decade. How much would you
expect the firm to earn in 2001? In 2003? Now assume that the firm’s profits have
been growing at 6% since 1997. If a negative value of n can be interpreted as the
number of time periods before period ¢z, how much did the company earn in 1998?
Graph the path of income growth between 1998 and 2003 and explain why the
curve gets steeper over time.

. Productivity improvements are often considered a primary engine of economic

growth. In fact, lagging productivity growth has been named as one of the reasons
for stagnant real incomes in the United States in the 1970s and 1980s. Since
roughly 1992, however, average annual productivity growth has doubled, mostly
through changes in technology, trade, and education. If the expected annual rate of
real economic growth in the United States was 2.5% in 1992, but continued pro-
ductivity enhancements have increased that growth rate to 3.0% per year, how
much better off will the United States’ economy be in 2010 (¢, = 1992)? If produc-
tivity improvements spark a 3.5% growth rate, rather than a 2.5% rate, how much
better off will the economy be?

. Indonesia is one of the most highly populated countries in the world, and it also

has one of the fastest growing populations. Its population in 1999 was 207 million.
Indonesia’s population is expected to grow at a 1.75% average annual rate
through 2010. Although China has the world’s largest population (1250 million
in 1999), its population is expected to grow at an average annual rate of only
1.04% through 2010. Determine what each country’s population will be in 2010
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if £, = 1999. Compare the ratio of the two countries’ population /evels in 1999 and
2010 to examine the impact of different population growth rates.

9. Write down the formula for the level of the population in Country A at the end of
1995 if the population in 1990 was 100 million and the population grew at the non-
compounded rate of 2% per year. If the population had been growing at a 3% rate
from 1980 through 1990, what would the population have been in 1985?

THE EXPONENTIAL

The growth formula discussed in the previous section is an appropriate way to depict a
process where the growth of a variable occurs all at once at the end of each period. An
example of this may be a savings account in which interest accrues only at the end of
each year. This seems somewhat artificial, however, since the value of many assets is re-
computed more frequently than once per year. Furthermore, this one-time compound-
ing clearly does not describe a wide range of different types of growth. Population
growth, for example, is more or less even over a year: not all babies are born just before
midnight on New Year’s eve. Likewise, it is more natural to think of a steady growth of
national income over a period rather than a spurt of growth at the end of the period.

In this section we will consider alternative compounding frequencies. We begin
by analyzing interest compounded a few times per year. We then see how we can
extend this to analyze a situation where interest is continuously compounded.
Continuous compounding provides a natural way to think about such issues as the
growth of a population, the growth in income, or the value of an asset that has very fre-
quent interest accrual. It also turns out that continuous growth can be expressed in a
very convenient mathematical form.

Multiple Compounding per Period

Consider the example of $100 placed in an interest-bearing account on January 1. If
this account pays 10% interest, once, at the end of the year, the value of the account on
December 31 will be $100-1.10 = $110. This is shown in Panel T of Table 3.3. If the
interest is compounded twice during the year, then the account accrues a 5% interest
payment at midyear and another 5% interest payment at year’s end. At midyear the
value of the account is

(1.05) - $100 = $105.00.
At the end of the year the value of the account is
(1.05) - $105.00 = (1.05)%- $100 = $110.25.

The extra $0.25 accrued in the second period in this case, as compared to the amount
that is accrued when interest is paid only at the end of a year, arises because the princi-
pal on which the interest is calculated increases over the course of the year. The inter-
est calculated for the period from July 1 to December 31 is based on a principal of
$105.00 rather than $100. The $0.25 difference between the twice-per-year interest
accrual and the one-time 10% interest payment represents the difference in the
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I. Interest Compounded Once per Year

Date January 1 December 31
Value of account $100.00 $110.00
Formula $X $X(1+r)
II. Interest Compounded Twice per Year
Date January 1 June 30 December 31
Value of account $100.00 $105.00 $110.25
2
Formula $X $X (1 + %) $X| (1 + %)
III. Interest Compounded Four Times per Year
Date January 1 March 31 June 30 September 30 December 31
Value of account $100.00 $102.50 $105.06 $107.69 $110.38
1 2 3 4
Formula $X $X(1 + 2) $X(1 + 2) $X<1 + 2) $X<1 + 2)
IV. Interest Compounded Continuously
Date January 1 March 31 June 30 September 30 December 31
Value of account $100.00 $102.53 $105.13 $107.79 $110.52
Formula $X $Xelr $Xel? $ X3 $Xe

midyear principal in the two cases ($5.00) multiplied by the interest rate for the six-
month period from July through December (0.05).

When interest is compounded four times per year, each time at a rate of
20 = (.025, the year-end value of the account is

(1.025)*- $100 = $110.38.

This exceeds the amount when interest is paid twice a year since the more frequent
recomputation of principal means higher interest payments over the course of the year.

More generally, if we divide one period into k equal-sized lengths, the relevant
interest rate over any one subperiod is (1 + r/k). Over the entire year, interest will be
compounded k times. Therefore we have the following result.

Multiple Compounding in One Period  The relationship between the value of a
variable at the beginning of period ¢, X,, and its value at the beginning of the next
period, X,,;, when it grows by the rate r compounded k times during that period, is

.
X, = (1 + %>kX,.

We illustrate the effect of compounding at different frequencies in Figure 3.2.
This figure shows the value of a variety of interest-bearing assets that each pay an
annual interest rate r but differ according to how often interest compounding occurs.
Each of the three assets, labeled A, B, and C, has an initial value of $100. Interest on
Asset A accrues only at the end of a year, so there is one “step” per year. Interest on
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FIGURE 3.2 Compounding at Different Frequencies

Asset B is compounded twice per year, and there are therefore two “steps” per year,
one at midyear and one at year’s end. Notice that the value of Asset B is above that for
Asset A from midyear and thereafter.

In the limit, as the frequency of compounding increases and the duration of the
compounding periods decreases, the number of “steps” increases to the point where
the value of the asset is approximated by a smooth function. Such a situation is
reflected in the graph of the value of Asset C in Figure 3.2. The value of Asset C is
greater than the value of the other assets at any moment during the year. Next we
turn to the development of a formula for the determination of growth rates with con-
tinuous compounding.

Continuous Compounding

The results in Table 3.3 suggest that (1 + r/k)* increases at a decreasing rate with an
increase in k. The difference in the end-of-year value when we double the number of
times interest is compounded from one to two is $0.25. The difference in the end-of-
year value when we double the number of times interest is compounded from two to
four is only $0.13. Table 3.4 confirms this pattern by presenting values of (1 + r/k) for a
variety of values of kK when r equals 0.10 and when r = 1.00.

The entry for k = 1,000,000 illustrates a case with very frequent compounding.
Note that the difference between the result for k = 100 and k& = 1,000 is larger than the
difference between the result for £k = 1,000 and k& = 1,000,000. This suggests the follow-
ing limit result.

The Exponential  The exponential, e, is an irrational number where

k—o

k
e = lim (1 + %) = 2.71828182845 . . ..
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TABLE 3.4 Different Frequencies of Compounding

(20 (g 00y
k k k
1 1.10 2.00
2 1.1025 2.25
10 1.10462 2.59374
100 1.10512 2.70481
1,000 1.105165 2.71692
1,000,000 1.105171 2.71828

This important result shows that, with an annual interest rate of » = 100 (that is,
100%), the value of $100 after one year of continuously compounded interest is
$271.83 since

k—ow

k
lim (1 + %) - $100.00 = $271.83.

An exponential function with the number e as its base is called the exponential func-
tion, where the definite article “the” distinguishes this function from other exponential
functions with other bases. The function e can also be written as exp(ax).

The definition of the exponential must be adapted to make it useful for calculat-
ing continuously compounded interest rates other than r = 1.00. The expression
(1 + r/k)* can be recast in terms of the exponential function by first noting that

o) = () =77

where the terms before and after the first equal sign are equal using the rules of expo-
nents presented in Chapter 2. As the frequency of compounding (that is, k) goes to
infinity, the fraction k/r likewise goes to infinity. Defining m = k/r and using the result
for the exponential, we see that

. 1 k/r\r ) 1\"™\"
lim (<1+ ) ) — lim ((14%) ) = ¢ = (271828182845 .. ).

k/r—e k_/r -0

This result allows us to calculate the level at the end of a year of a variable that
grows at a continuously compounded rate over the course of the year. Denoting the
initial value as X(7), the value at the end of the year as X(¢ + 1), and the rate of growth
as r,we have

Xit+1)=e"X@). (3.1)

Notice that we depict time periods here in parentheses, following the variable, rather
than as subscripts, as was done previously. This follows the convention of using sub-
scripts to denote discrete time periods and parentheses to denote moments measured
in continuous time. Discrete time is counted in periods that are identified by integers,
while continuous time is counted in moments that are represented by real numbers.
Therefore we typically do not have a representation in discrete time such as X5, but
we may have a continuous time moment defined as X(0.5).
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We can use (3.1) to confirm the value of the end-of-year value in Panel IV of
Table 3.3. Many calculators have an exponent key, which enables you to find e” (also
written as exp (r)) for different values of r. You can verify, with such a calculator, that
e"10 = 1.1052 (approximately). Therefore the principal and interest from an initial
investment of $100 at a 10% annual interest rate, continuously compounded, equals

$100- %1% = $110.52.

There is a straightforward extension of this when the period over which the asset
is held differs from one year. The analysis that led to (3.1) on the previous page shows
that we can think of a multiyear problem as a series of single-year problems in which
the principal changes from one year to the next. For example, the value of $100 in two
years with a 10% interest rate, compounded continuously, can be found by first finding
the value of the asset at the end of one year and then calculating another one-year
problem. This gives us

(($100- €*19)e1%) = $110.52 -0 = $122.14.

Using the properties of exponents presented in Chapter 2, we find that this expression
can also be evaluated as

(($100- €*19)¢219) = $100- €210 = $100- 2 = $122.14.

More generally, we have the following formula for continuous compounding.

Continuous Compounding  The value of a variable X at the moment ¢ + n (that is,
X(t + n)), given its value at the moment ¢ (that is, X(¢)), when there is a continuously
compounded growth (or interest) rate of r per period, is

X(t +n) = X(t)e" .

This results holds for n equal to any real number. For example, when # is a frac-
tion, it reflects the value during some moment within the period. Thus we have the
result in Panel IV of Table 3.3 that the initial investment of $100 made at the beginning
of January will yield

$100- %1912 = $100- %% = $105.13

at the end of June.

Using this equation to determine per capita income in the Chinese economy in
1999, given its 1990 level and different growth rates, illustrates the difference between
continuous compounding and the results presented in Section 3.1, which employ one-
time compounding per period. The actual per capita income in 1999, calculated using a
growth rate of 9.6%, compounded continuously, and an initial level of per capita
income of $370, is

$370-e%0%9 = §370- "5 = $878.

This is about 4% larger than the level calculated with one-time compounding per
period. Calculating per capita income with growth rates of 6.1% and 0.4%, com-
pounded continuously, gives levels of income equal to $641 and $384, respectively. The
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level with 6.1% growth, compounded continuously, differs from its respective value
with one-time compounding by about 1.6% . The level with 0.4% growth is virtually the
same whether compounding continuously or only at the end of each year. These results
show that the proportionate difference in levels, when comparing calculations with
continuous or end-of-period compounding, increases with the interest rate itself.
Negative values of n are interpreted as the number of time periods before period t.
For example, suppose a country has a population growth rate of 2% per year, and its cur-
rent population is 50 million people. The population 20 years ago can be calculated as

50 million - ¢*% (-20) = 50 million - e "** = 50 million-0.67 = 33.5 million.

When using the continuous compounding formula, it is important to keep in
mind the correspondence between the interest rate and the time period. For example,
if we define an interest rate as an annual rate (such as 5% per annum, so r = 0.05),
then the time period must match this definition (that is, » must represent the number
of years). We can have any length of time serve as our definition of “one time period,”
but of course, we need to define the interest rate in a manner that corresponds to this
length of time.

Lending periods may be as short as overnight. For example, central banks lend to
commercial banks at the end of a business day and are repaid the next morning. The
interest rate on these overnight loans is reported as an annual rate. In a particularly strik-
ing case, the overnight interest rate offered by the Riksbank, the central bank of Sweden,
reached 500% on an annual basis in September 1992, at the time of a crisis in the
European Monetary System.? The daily interest rate was therefore 500%/365 = 1.37%.
Thus a loan of SKr 1,000,000 made at the end of one business day must be repaid with

SKr 1,000,000 ¢©0137)1 = §Kr 1,013,793.

the next morning.

Annual and Effective Interest Rates

The difference between the return when interest is continuously compounded and the
return when compounding occurs only at the end of a period helps explain signs you
might have seen at banks that present both an annual interest rate and an effective
interest rate (sometimes referred to as yield). The annual interest rate represents the
interest rate used in the continuous compounding calculations. The effective interest
rate is the interest rate that would give the same end-of-period return if interest were
compounded only once at the end of the period. Defining the annual rate as r, and the
effective rate as rj, we therefore have, for any initial principal $X,

$X(1 + rp) = $X e
Thus the relationship between the annual rate and the effective rate is

rg=e"—1.

3See “Swedish interest rate reaches 500%,” Financial Times (September 17,1992): 2.
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TABLE 3.5 Effective and Annual Interest Rates

Percentage Difference

Annual Rate Effective Rate <M % 100% )
(AR) (ER) LY i
0.02 0.0202 L0%
0.10 0.1052 52%
0.50 0.649 29.7%

For example, a 7% annual rate corresponds to an effective rate of 7.25% since

e — 1 =1.0725 - 1 = 0.0725.

The percentage difference between the annual and effective rates increases with
the interest rate. This is shown by the results in Table 3.5. The effective interest rate
corresponding to the annual interest rate of 2% differs from the annual rate by only
1.0%. This difference grows to 5.2% when the annual rate is 10% and to 29.7% when
the annual rate is 50%.

Present Value

Present value represents the amount required today to yield a certain payout at a
given time in the future. Present value calculations are used in economic applications
that compare values at different moments in time. The method of calculating present
value with continuously compounded interest rates follows directly from the analysis
above.

To illustrate this, consider the value to you today of a payment of $10,000 made
one year from now. If the continuously compounded interest rate available to you in a
savings account is 8%, then you would be indifferent to whether you were paid $10,000
at the end of one year or offered some smaller amount today that would be worth
$10,000 in one year when invested in a savings account. We can find the amount P that
must be offered to you today, in order for you to have $10,000 in one year, by noting
that the continuous compounding formula gives

$10,000 = P-e" = P-e"% 1= P-1.0833.
Solving this, we find that

$10,000
P 10333 $9,231.

A calculation of this type is used to find the price of a bond that pays a certain
amount at some future date. The calculation given above shows that a bond that pays
$10,000 in one year will cost $9,231 today, when the interest rate on comparable assets
is 8% . Extending this result, the price P of a bond that pays $10,000 five years from its
date of purchase must satisfy the relationship

$10,000 = P-e" = P-¢"% " = P-1.4918.
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Thus the current price of the bond is

$10,000
P=——= .
1.4918 86,703
This illustrates the general result that the present value of a payment decreases the fur-
ther into the future the payment is made. These are two examples of the following gen-
eral formula for calculating present value.

Present Value with Continuous Compounding  The present value, P(7), of a pay-
ment of X(¢ + n) that is made n periods in the future, where r is the appropriate con-
tinuously compounded interest rate for discounting this payment,

P(t) = X(t + n)-e ™.

This formula shows that the price of a bond that pays $10,000 a year from pur-
chase (that is, the present value of a payment of $10,000 in one year), when the interest
rate on comparable securities is 6%, is

$10,000- e % = §9,417.64.

The price of a bond that pays $10,000 five years from its purchase, when the interest
rate is 6%, is

$10,000- ¢ = $7,408.18.

Comparing these present values to those when the interest rate is 8% shows that the
present value of a payment increases as the interest rate falls. This inverse relationship
between present value and the interest rate demonstrates why bond prices fall when
the interest rate increases.

Present value can also be calculated with discrete compounding. Again we want
to find the present value needed to provide a future payout. Applying the formula for
discrete compounding in the manner we did for continuous compounding gives us the
following result.

Present Value with Discrete Compounding  The present value, P,, of a payment of
X,,, that is made n periods in the future, when the appropriate interest rate for dis-
counting this payment is r and interest is compounded only at the end of any period, is

Pt:XHn‘(l +r) 7"

This result allows us to recalculate the bond-pricing example with once-per-
period discrete compounding rather than continuous compounding. With an 8%
annual interest rate compounded once at the end of each year, the prices of a one-year
and five-year bond, each of which pays $10,000 at maturity, are

$10,000
(1.08)!

= $9,259.26
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and
10,000
$t1 (;8)5 = $6,805.83,
respectively.

Using the results presented in this section, we can determine the relationship

between present value computed with continuous compounding and present value
computed with discrete compounding with a common interest rate. As shown in the
application above, continuous compounding is like having a higher effective interest
rate. The present value of a future payment is smaller if the interest rate is larger.
Therefore the present value of a future payment is smaller when calculated with con-
tinuous compounding than it is when calculated with discrete compounding.

Exercises 3.2

1.

Using the formula for multiple compounding in one period, X,.; = X,(1+r/k)¥,
calculate the value of X, for the following values of r and k. Assume that X, = 20.
(a) r=8%,k=4
(b) r=05%,k=2
(¢) r=10%,k = 365
You are given the value of X, ; = 100 as the value of X at the end of a period.
Negative values of r imply a rate of decline rather than growth. Assuming the fol-
lowing values of r and k, calculate the value of X,. What can you observe regarding
the impact on X, of relative changes in r and k?
(a) r=—5%,k=2
(b) r=-5%,k=14
(c) r=-3%,k=4
You have inherited $1 million from a wealthy aunt. Her will stipulated that you invest
the full amount in a five-year certificate of deposit. The two most competitive banks
in your area are offering the following rates: Bank A, 9.0% per annum with annual
compounding; Bank B, 8.7% per annum with monthly compounding. With which
bank will your inheritance be worth more at the end of five years? how much more?
Bank Highrates is offering a deposit-incentive program that pays investors an 8%
annual interest rate on any deposit over $100,000. Calculate the corresponding
effective interest rate, or yield.
Assuming that X(¢r) = 75, determine the value of X(¢ + n) for the following combi-
nations of n and r using the continuous compounding formula:

X(t +n) = X(t)e .
(a) n=3,r=9%

(b) n=05,r=25%
(c) n=-2,r=11%
(d) n=025r=6%

(e) n=0.75r=-3%
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On January 1 of last year, an investor bought one share of a public utility stock for
$45, which paid a dividend of 3% per annum on a quarterly basis. If there was no
change in the stock’s market value over the course of the year, what was her return
on this investment at year’s end? Now assume that the stock’s market value
increased 10% during the year, on a continuously compounded basis, and each
quarter’s paid dividend was based on the stock’s value on the last day of the quar-
ter. What was the return on this investment at the end of each quarter in dollar
terms? What was the investor’s total annual percentage return based on the origi-
nal investment?

Using the data for China and Indonesia presented in question 8 of Exercises 3.1
and assuming continuous compounding, calculate the level of each country’s popu-
lation in 2010. What is the ratio of the two countries’ populations in 2010? How
much bigger, in percentage terms, is this ratio than the answer you got using dis-
crete compounding?

While you are a senior in high school, your parents decide to invest in the bond mar-
ket to help pay for your college tuition. They purchase a bond that will pay $15,000 in
one year plus an interest coupon payment of 7% of the bond’s value when the inter-
est rate on comparable assets is also 7% . What is the present value of this bond? If
interest rates fall to 5% after the bond purchase, what is the present value of that
same investment? What is the present value if interest rates rise t0 9.5%?

Your financial advisor suggests that zero-coupon U.S. government treasury bonds
are an attractive form of long-term savings. Zero-coupon bonds can be purchased
at a sizable discount to their face value because they do not pay any interest over
the life of the bond. At the time of maturity, the investor receives the bond’s face
value, which is comprised of the original investment plus the interest accrued over
the life of the bond. The bond’s return, therefore, is based on the difference
between the purchase price and the redemption price. How much should you
expect to pay today for a $25,000 zero-coupon bond that matures in 20 years if the
rate of 7.5% is continuously compounded? Use the continuous compounding for-
mula to determine your results.

The Cobb-Douglas production function describes the level of output (Y,) at time ¢
as a function of the amount of labor (L,), capital (K,), and the level of productivity
(A)) at that time as

Yt = A[L?Kl‘lia’
where o = 0.7. If labor grows at a 3% continuously compounded rate such that
Lt — LOeO.03t
and capital and productivity grow at 2% and 1%, respectively, continuously com-
pounded, devise an equation for total output in year ¢ compared to output in year 0.

A person’s productivity at a particular job may change with experience. Consider
the following model of effective labor input,

L(t) =2 — e 0¥
where L is a measure of the “effective labor input” of a particular worker and ¢ is
the worker’s tenure (that is, years spent in a particular job).

(a) What is the effective labor input of the worker when she is new and ¢ = 0?
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(b) What is the worker’s labor input if she stays at her job forever? (Hint: Take the
limit of L as t — 0.)

(c) Compare the values of L for t = 0 and for ¢ = 1 as well as the values of L for
t =10 and for ¢ = 11. Provide a brief economic interpretation in each case of
the differences in productivity when tenure increases by 1 year (from 0 to 1
and from 10 to 11).
12. Suppose you have a two-year bond that costs $1,000. This bond pays interest once
per year at the end of each year. The interest rate at the end of the first year is
10%, and the interest rate at the end of the second year is 20%.

(a) What is the value of the bond (principle plus interest) at the end of the second
year?

(b) The average of 10% and 20% is 15%. Find the value of a bond that paid 15%
at the end of the first year and then 15% again at the end of the second year,
and compare this answer to your answer to question 12(a). If the answer dif-
fers from the one in part (a), give an explanation concerning the source of the
difference.

(c) Now compare the return on two bonds, one of which pays a continuously com-
pounded rate of 10% over the first year and of 20% over the second year,
while the other pays a continuously compounded rate of 15% over both of the
years. Is there a difference between the value of these bonds? Compare and
contrast your answers here to your answers to question 12(b).

LOGARITHMIC FUNCTIONS

Any exponential function has an inverse since it is strictly monotonic and, therefore,
one-to-one. The class of functions that are inverses to exponential functions are loga-
rithmic functions. Logarithmic functions are used in many different ways in economics.
This section defines these functions and shows some of their useful properties by illus-
trating their application in economic problems. Later chapters, especially Chapter 7
and Chapter 11, make extensive use of logarithmic functions in a number of other
economic applications.

We can begin to learn of some of the properties of logarithmic functions by
exploiting the fact that these functions are the inverses of exponential functions. As dis-
cussed in Chapter 2, the graph of an inverse of a function is represented by a reflection
of that function across the 45° line. Any point (i, ) in the exponential function

y =>b"
has a corresponding point (j, f) in the logarithmic function
y = log, (x).

Figure 3.3 presents the graph of these two functions. Like the exponential function,
the logarithmic function is strictly monotonic and increasing. This figure demonstrates
that logarithmic functions are everywhere concave, while exponential functions are
everywhere convex. This figure also demonstrates that the arguments of a logarithmic
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FIGURE 3.3 An Exponential Function and Its Inverse

function are restricted to the set of positive real numbers, while the range of the func-
tion is the set of all real numbers, which is the converse of the case for exponential
functions. Finally, since all exponential functions of the form y = b* cross the y-axis
at the point (0,1), all logarithmic functions of the form y = log,(x) cross the x-axis at
the point (1,0).

The definition of a logarithmic function follows.

Logarithmic Function with Base 5>  The logarithmic function
y = log, (x),
which is read as “y is the base b logarithm of x,” satisfies the relationship
b’ = x.
This definition of logarithms implies
log, (b) =1

for any base since b! = b. By the definition of an inverse function (see Chapter 2), we
also have

ploa() =
The definition of a logarithm enables us to calculate the base 2 logarithms and
base 10 logarithms (base 10 logarithms are also called common logarithms) in Table

3.6. This table shows that the value of a logarithmic functions is negative for values
of its argument that are less than 1. This table also illustrates that the value of a
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TABLE 3.6 Base 2 and Base 10 Logarithms

Base 2 Logarithms Base 10 Logarithms

L1 L1

log,(0.25) = =2 because 2 ° = 1 log,;,(0.01) = =2 because 107° = 100
1 1

log,(0.5) = —1 because 27! = > log,,(0.1) = —1 because 107! = m
log,(1) =0 because 20 = 1 log,,(1) =0 because 10° = 1
log,(2) =1 because 2! = 2 log,;(10) =1 because 10! = 10
log,(4) =2 because 2% = 4 log,,(100) = 2 because 10> = 100
log,(8) =3 because 2° = 8 log,,(1000) = 3 because 10° = 1000

logarithmic functions increases at a decreasing rate. For example, an increase in the
value of a base 10 logarithm by 1 means an increase in the argument of the function
by a factor of 10.*

The comparison between base 2 and common logarithms is also illustrated in
Figure 3.4, which plots log,(x) and log,,(x) against x. This figure shows that the loga-
rithm of any number greater than 1 is bigger with base 2 than with base 10. For example,
log,(2) is 1 (since 2! = 2), and log,,(2) is approximately 0.3 (since 10°3 is approximately
equal to 2). Conversely, the logarithm of any positive number less than 1 is smaller with
base 2 than with base 10. For example, log, (0.1) = —3.32, while log;,(0.1) = —1. Both of
the functions pass through the point (1,0) since both 2° and 10° equal 1.

Rules of Logarithms

Economic models often employ a logarithmic transformation of the variables of the
model. A logarithmic transformation is the conversion of a variable that can take
on different real positive values into its logarithm. In this section we demonstrate
properties of logarithmic transformations and show why this is such a useful tool for
economists.

Economic models frequently include nonlinear relationships. For example, real
money balances are represented by the quotient of nominal balances over the price
level (M/P), and the real exchange rate equals the product of the nominal exchange
rate and the foreign price level divided by the domestic price level (EP*/P). Nonlinear
relationships among variables may be expressed as linear relationships among their
logarithms. Multiequation models that include products or quotients are more difficult
to solve than models that are linear in the variables of interest. Thus expressing these
models in terms of the logarithms of their variables is often a useful strategy for
making analysis more straightforward. One caveat, however, is that zero and negative

“An interesting application of this property concerns the measurement of the severity of earthquakes. The
scale used to measure earthquakes, the Richter scale, is measured in common logarithms. Thus an earth-
quake that registers 7 on the Richter scale is 10 times as forceful as an earthquake that registers 6 and 100
times as forceful as an earthquake that registers 5.
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y
y= Ing(x)
2=
1=
y= IOglo(x)
‘ X
0 1 2 3 4
-1
oL
-3

FIGURE 34 Base 2 and Base 10 Logarithms

numbers cannot be expressed as logarithms. This limits the set of variables that lend
themselves to a logarithmic transformation.’

We begin by showing the relationship between the logarithm of two variables
and the logarithm of their product. The revenue of a firm, R, is the product of the price
of its good, P, and the quantity sold, Q. Define lowercase letters as the logarithms of
their uppercase counterparts,so g = log, (Q),p = log, (P),and r = log, (R). By the def-
initions of logarithms, we then have Q = b?and P = b?,so

R = PQ = bPb® = pP*a.
The definition of logarithms shows that
log,(PQ) = p + q.

The general rule is as follows.

Logarithmic Transformation of a Product For any two positive variables X and Y,

log, (XY) = log, (X) + log, (Y).

SAnother advantage of logarithmic transformations is that they allow the interpretation of coefficients as
elasticities. This is shown in Chapter 7.
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The rule for the logarithm of a quotient is derived in a similar fashion. To illus-
trate this rule, we determine the relationship between real money balances, M/P, the
logarithm of nominal balances, m = log, (M), and the logarithm of prices, p = log,, (P).
Noting that M = b™ and P = b?, we write real money balances as

M _b" ey

P b ’
which shows that log (M/P) = m — p.The general rule follows.

Logarithmic Transformation of a Quotient  For any two positive variables X and Y,
X
logb<;) = log, (X) — log, (Y).

Exponents are frequently used in economic modeling. The Cobb-Douglas pro-
duction function that links output per worker (Q) to capital per worker (K), called the
intensive Cobb-Douglas production function, is

0 = K=

The logarithmic transformation of this relationship can be determined by using the
definition of logarithms and other results derived above. Define a variable Z such that
it equals the base b logarithm of K*;that is,

Z = log, (K%).
This means that
K* = b”.
We can verify that Z = «a-log,(K) since
K¢ = polog(K) _ (blog,,(l())a = K<

The logarithm of output per worker is ¢ = « - k, where g = log,(Q) and k = log,(K).
The general form of this rule is as follows.

Logarithmic Transformation of an Exponent  For any positive variable X and any
values of A,

log, (X*) = log, (X).
These three rules can be combined as the need arises. For example, the logarithm
of the real exchange rate, RER = EP*/P,is
log, (RER) = log, (E) + log, (P*) — log,(P).
When output, Y, is related to technology, A, labor, L, and capital, C, by the function
Y = AL“C¥,
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then the logarithm of output is related to the logarithm of technology, labor, and capi-
tal by the function

log, (Y) = log,(A) + alog,(L) + Blog,(C).

Relationship between Logarithms with Different Bases

All of the rules presented so far include logarithms with the same base. We can show
the relationship between logarithms with different bases by considering the value of
the base J logarithm of a variable H and its base W value, that is, log; H and logy, H,
respectively. First define some number s such that H = JS. Therefore s = log; H. The
base W value of H, logy, H, can be written as

logy, JS = s - logy, J.
Substituting for s, we find
logy, H = logy, J - log; H,
which can be rewritten as

log,, H
logg% = logy, J.
A general property derived from this rule is that if W < J,
logy J > 1,
and, therefore,

logy H _
log, H

and

|logy H| = |log, H

b}

where | x| represents the absolute value of x.¢ This result is illustrated by Table 3.6 and
Figure 3.4, which show that log, (x) is greater than log,,(x) for all values of x greater
than 1 and log, (x) is less than log,,(x) for all values of x less than 1.

Natural Logarithms

A natural logarithm is a logarithm that takes, as its base, the exponential, e. The natural
logarithm of a variable x is written either as log,(x) or, more commonly, as In(x). The
natural logarithm is particularly useful for many applications in economics. In this sec-
tion we present some of the properties of natural logarithms and show their use in a
number of applications.

%The relationship between absolute values uses an inequality sign rather than a strict inequality sign to
include the case of H = 1.
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All of the rules for logarithms presented above apply to the natural logarithm
since it is just a logarithm with a particular base. Therefore we have the following rules
for natural logarithms.

Rules for Natural Logarithms For any variable Z and any positive variables X and Y,

In(e?) = Z,
elnX =X
In(XY)=InX+InY,

ln<)—()=lnX—lnY, and
Y
InX? = ZInX.

The link between the natural logarithm and the exponential, along with the role
of the exponential in calculating growth rates, is used in the following application that
provides a useful rule of thumb.

Doubling Times and the Rule-of-70

The Rule-of-70 provides a simple way to calculate the approximate number of years it
takes for the level of a variable growing at a constant rate to double. This rule states
that the approximate number of years » for a variable growing at the constant growth
rate of R percent, to double is

70

n= g
For example, a city with an annual population growth rate of 5% will double its popu-
lation in approximately 14 years. If the growth rate were 7%, it would double its popu-
lation in approximately 10 years.

A more formal analysis of doubling times reveals some interesting characteristics
of growth. First, note that finding doubling times requires us to find the set of values
of n and r (= R/100) such that the ratio of the future level, X(¢ + n), to the initial level,

X(?), equals 2. Referring back to the formula for continuous compounding and divid-

ing each side of that equation by X(¢), we find that finding the doubling times involves
finding r and n such that

_ X(t+n)
== =

The first thing to note is that the initial level of the variable does not affect the number
of years it takes for the level to double. Increasing both X(¢ + n) and X(¢) does not
alter their ratio. Thus the time it takes for a variable to increase by a certain proportion
is not a function of its initial level.

What is the special role of the number 70 in this rule? We can answer this ques-
tion by taking the natural logarithm of each side of the expression e” = 2. This shows

r-n
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that the relationship between r and » that satisfies the doubling time problem is
r-n =1n(2) = 0.6931....

Remembering that the Rule-of-70 is expressed in percentage growth rates, we have
R-n = 69.31. Thus any product of R and n that equals (approximately) 70 will show us
the combination of a percentage growth rate, compounded continuously, and number
of years that leads to the doubling of the level of a variable.

Finally, what are the appropriate numbers for trebling times, quadrupling
times, and so on? Following the same procedure, we see that the condition for a
variable growing continuously at the constant annual rate r to increase by a factor F
in n years is

e = F.

This means that the relationship between the percentage growth rate, R, and the num-
ber of years, n, for a variable to increase by a factor Fis

R-n = 100-1n(F).

Since In(3) = 1.099, the rule of thumb for trebling times is called the “rule-of-110.” We
can figure out the rule of thumb for quadrupling times without a calculator since

In(4) = 1n(2%) = 2-In(2).
Therefore, the quadrupling time rule is (approximately) the “rule-of-140.” If you can

remember that In(5) = 1.6 and In(7) = 1.95, then you have rules of thumb for any fac-
tor between 2 and 10.

In this application we have used the natural logarithm in conjunction with
the equation describing continuously compounded growth to analyze the Rule-of-70.
The next application uses properties of natural logarithms and the growth equation
in a similar fashion to show how to effectively plot the time path of rapidly growing
variables.

Graphing Time Paths of Variables

The dramatic change in the level of a variable when there is rapid growth, or even
when there is moderate growth over a long periods, often presents a problem when
attempting to graph the path of a variable against time. To illustrate this, consider the
case of a country with a constant inflation rate of 30% per year (that is, the growth rate
of prices is 0.3). The price level is arbitrarily set to 100 in 1960. The price level in any
subsequent year is

P(t + 1960) = 100- €3,

where ¢ is the number of years since 1960. The practical problem with graphing this
series is evident if we note that the price level in 1990 equals 810,308. Scaling the verti-
cal axis to allow for numbers this large effectively masks any information in the early
part of the sample period.
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FIGURE 3.5 Consumer Price Index, Mexico, 1957-1990

An alternative strategy is to graph the natural logarithm of prices against time.
Taking the natural logarithmic transformation of the above equation gives us

In(P(t + 1960)) = In(100) + In(e®3") = 4.6 + 0.30¢,

which shows that the graph of the time path of the natural logarithm of prices is a
straight line with an intercept of 4.6 and a slope of 0.30. Thus the slope of this line
multiplied by 100% gives the percentage rate of growth of prices (that is, the infla-
tion rate).

Actual variables almost never grow at a steady rate, and, therefore, the time path
of the natural logarithm of variables will not be straight line. But we can interpret the
slope of a line connecting any two points of a graph of the natural logarithm of a vari-
able against time as the average annual rate of change of that variable over the period
represented by those two points. This is shown by noting that the slope of the line con-
necting two points in such a graph, b, equals

_ In(X(T + 1) — In(X(7))
7 ,

where 7'is the base time period and ¢ is the number of periods before or after the base
period. Rewriting this expression, we see that

b

In(X(T + 1)) — In(X(7)) = m(M) i

X(7)
Taking the exponential of each side and rearranging, we find that
X(T + 1) = X(T)e”,

which shows that b, the slope of the line connecting the points, does indeed equal the
average annual rate of growth over the time period represented by those points.
Multiplying b by 100 gives the percentage rate of growth.

Figure 3.5(a), which presents the consumer price index in Mexico from 1957 to
1990, illustrates the difficulty in reading the graph of a rapidly growing time series.
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Over this time span, the price level increased by a factor of over 1500, with an average
annual inflation rate of about 22% . The inflation experience was very different during
the various periods, but it is very difficult to discern this from Figure 3.5(a).

Figure 3.5(b) offers a more useful depiction of the data by graphing the natural
logarithm of consumer prices in Mexico between 1957 and 1990. This figure enables us

| to discern differences in inflation across time. It shows inflation was in the single digits

up until the early 1970s. For example, the slope of the line AB, which connects the
points representing the beginning of 1970 and the end of 1972, is 0.07, which translates

| to an average annual inflation rate of 7% during these two years. Inflation picked up

by the end of the 1970s and into the early 1980s. The slope of the line connecting the

| points representing the beginning of 1978 (C) and the end of 1981 (D) is almost 0.20,

indicating an average inflation, over these four years, of almost 20% . Average inflation
between the beginning of 1982 (E) and the end of 1983 (F), during which time the debt
crisis began, was over 55% per year. By the late 1980s, inflation had slowed to an
annual rate of about 21%.

Exercises 3.3

1. Use the rules of logarithms to simplify the following.
(a) 1010g10 (100)
(b) Ine* — "W

1

(c) log (F)
(d) log,(a + b)
(e) In (ea+bx+cz)
(f) In(4x)’

@ n(sleyoF)

2. Using the formula for deriving the relationship between logarithms with different
bases, log,, H = log,, J-log, H, calculate the following.

(a) (lng 4)(10g4 256)
(b) (log;e)(log, 27)
(c) (log,10)(logy 1)
3. Calculate log,32 and In32. Using your answers, show that this example illustrates
the property that, when ¢ > d, log.x is less than log,x, assuming that x > log,, b.

4. On asecretive search through your grandfather’s basement you uncover an old, dust-
covered stamp collection. You take the collection to a stamp dealer who tells you that
it currently is worth $1,000, but in ten years it will triple its value. Unfortunately, you
will have to store the collection in a special warehouse during this time. The storage
fee is $200, compounded continuously at a rate of 5% per year but is not paid until
you withdraw your collection from the warehouse. Should you store the stamp collec-
tion or sell it immediately and invest the proceeds in the stock market, where you
expect to make a 9.5% continuously compounded return over the coming ten years?
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5. The theory of consumer behavior is one of the foundations of economic analysis.

The linear logarithmic utility function is one of the original functions developed to
measure consumer utility and is still widely used by economists. It is written as

u=InU= E B;Ing,
i=1

where u is the index of utility, g, is the quantity of good i,and 0 < 8; < 1.Transform
this function back to its original form, where U is utility.

. There are two ways to calculate the mean of a series of data. The arithmetic mean,

written in the form

1
X, = —X;
takes the sum of that series and divides by the number of data points. A geometric

mean, on the other hand, takes the product of a group of n data points, where each
is raised to the exponent 1/n,

n
_ 1/
Xg = 1_[1x ",
i

Using a geometric mean and natural logarithms gives less weight to outliers than
an arithmetic mean. Using the following per capita income data for several devel-
oping countries, calculate the geometric mean by taking the natural logarithm of
both sides of the definition. Remember that

— ,in(x,)
X, = e
How does your answer compare with the result of the arithmetic mean calculation?
Country 1993 Per-Capita Income ($)
Pakistan 420
Ecuador 1070
Mexico 3470

. Health care costs in the United States have grown at an average rate of 4.8%

between 1990 and 1999, and in 1999 they accounted for 10% of the U.S. Gross
Domestic Product (GDP). If health care costs continue to grow at this rate and
GDP continues to expand at a 2% average annual rate, what will health care’s
share of GDP be in 2029 (that is, after 30 years). Is this ratio sustainable over
time? What would you expect to happen to the growth of health care expendi-
tures over time?

. Bank Highrates is still offering the deposit-incentive annual interest rate of 8%. Its

upstart competitor, Bank Betterrates, is offering a similar incentive program but
will pay an effective rate of 8.25% on an equivalent deposit. Which bank is offering
its investors a better deal?

. The equation in Section 3.1 presents the rule for calculating growth rates with one-

time compounding per period. Use the natural logarithmic transformation to show

o
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the general relationship between 1 + r and n that must hold for an asset to
increase in value from $15,000 to $30,000, if the interest on that asset accrues only
once at the end of each year. Use a calculator to find exact values of n for each of
the following interest rates, and comment on how closely the Rule-of-70 holds.

(a) r =001
(b) r=10.05
(c) r=0.10
(d) r=025
(e) r=1.00

10. Consider the production function, Q = 15L*K'"> where Q is output, L is labor
input, and K represents capital input. Using natural logarithms, transform this
exponential function into a linear function. Now assume that L = 10 and K = 5.
What is the value of In(Q)? Remembering that exp(In(Q)) = Q, determine the
value of Q.

11. You are given $10,000 as a graduation present, and you want to buy a new car in
the near future. Therefore you invest your gift in a conservative money market
account paying a continuously compounded 5% per annum. Using the formula

X(t+n) = X(t)e™"
and natural logarithms, solve for n to determine how low it will take you to save
$15,000.

12. The housing price index for the United States in 1990 was 144.8, while its value in
1999 was 192.9 (the index is calculated such that it averaged 100 in the 1982-1984
period). What was the average annual continuously compounded inflation rate for
housing costs between 1990 and 19997

Summary

The exponential and logarithmic functions presented in this chapter play an important
role in economic analysis. The applications in this chapter point out the use of these
functions for growth calculations and present value. We return to the calculation of
present value in Chapter 12 when we show how to take the present value of a stream of
payments rather than of a one-time payment, as was done here. We also return to the
role of the exponential function in describing the growth process in Chapter 14 where
we discuss equations in which the rate of change of a variable is a function of its level.

The importance of using logarithmic functions to transform nonlinear relation-
ships into a linear form will become more apparent in the next chapter, where a set of
techniques for solving linear functions is presented. Another important property of
logarithms is that the coefficient of a linear equation whose variables are natural loga-
rithms can be interpreted as an elasticity. Chapter 7 presents this property and applies
it in a number of economic contexts.



