Multivariable Calculus

This notebook will introduce you to some Mathematica tools which will help you explore topics in multivariable calculus
corresponding to chapters 8 through 12 of the text.

m Vectors and Matrices

This section will show you how to define vectors and matrices with Mathematica and how to perform operations on vectors
and matrices.

Entering a matrix

o 01 -

0 2
7
Suppose want to enter the matrix 2 9 in an input statement. To do this from the keyboard, enter alist and within

4 -3 1
thislist, enter row one as alist, then row 2 asalist and so forth.

= m= {{1, 0, 2}, {5, 3, 7}, {6, 2, 9}, {4, -3, 1}}
OUt[l]: {{11 Ol 2}! {51 31 7}1 {61 2; 9}1 {41 _31 1}}
Typically, amatrix is denoted by a capital letter, but since you want to avoid conflicts with Mathematica commands (which

always begin with a capital letter), use alower case letter when assigning names to vectors and matrices. For example, we
named the matrix above minstead of using a capital M.

To output amatrix in the form of amatrix use // Mat ri xFor m

nRl= m// Matri xForm

Out[2]//MatrixFor!
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To enter amatrix using the Basiclnput palette, click on the button containing ( ) To add rows, press Shift-Enter and

0o o
o o
to add columns, press Shift-, (i.e. press the commakey while holding down the Shift key).

1 2 3 4
In[3]::n=[5 6 7 8]

9 10 11 12
ouws= {{1, 2, 3, 4}, {5, 6, 7, 8}, {9, 10, 11, 12}}

Executen // Mat ri xFor mor %/ / Mat ri xFor mto see the matrix in its natural form.
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in[d1:= %// Matri xForm

Out[4]//MatrixForm=

1 2 3 4
5 6 7 8
9 10 11 12

Matrix Operations
A period key is used to multiply two matrices. Below, the product mn is computed.

inis:= mn // Matri xForm
Out[5])//MatrixForm=
19 22 25 28
83 98 113 128
97 114 131 148
-2 0 2 4

Use + and — to add and subtract matrices, respectively. To multiply a scalar constant and a matrix, place a space between
the constant and the matrix. Here are some examples.

inel:= Cl ear [a, b];
12 3 -9
a= )

55 0)
41 -22 3
b=(6 -9 78);

a+b// Matri xForm
a-b// Matri xForm
3a// Matri xForm

Out[9])//MatrixForm=
( 53 -19 -6 )
1 -4 78
Out[10]//MatrixForm=
( -29 25 -12 )
-11 14 -78
Out[11]//MatrixForm=
( 36 9 -27 )
-15 15 O

Determinants

The Det command is used to compute the determinant of a matrix.

In[12:= M= (; i),
Det [m]

ou[13]= -2
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inpa1:= Cl ear [m];

5 8 4
ms= [2 8 9];
3 4 7
Det [m]
outi6)= 140
Vectors

A vector isjust alist of numbersin Mathematica. For example, (1, 2, 3) or(

7= U = {1, 2, 3}
oufi7= {1, 2, 3}

inf18l= u // Matri xForm
Out[18]//MatrixForm=

1

2

3

Matrix-vector Multiplication

Use a period to multiply a matrix and avector. Study the following example.

ma9l= Clear [m x, y, z, ul;
1 97
m= [—3 2 7]; us={x,y, z}
6 5 4
mu
oupll= {X+9y +72z, -3xXx+2y+7z, 6XxX+5y+42z)}

n2:= mu // Matri xForm

QOut[22]//MatrixForm=

X+9y+7z
-3X+2y+71z
6X+5y+4z
X
An example of alinear function L[u], whereu = ( y], is shown below.
z

n3= L[X_, Yy, Z_1=mu

out3l= {(X+9y +72z, -3x+2y+72z, 6X+5y+42z)

1
2
3

]isenteredas{l, 2, 31.
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2 1
Below the vaue of L[[ 4 ]] is computed along with 2 L[[ 2 ] illustrating the linear property (8) in Section 8.4 of the text.
6 3

4= L[2, 4, 6]
2L[1, 2, 3]

out24= {80, 44, 56}
out2s]= {80, 44, 56}

The following exampleillustrates linear property (7) in Section 8.4 of the text.

npeel= L[1, 2, 3] +L[7, 8, 9]
L[8, 10, 12]
out26]= {182, 80, 146}

out27]= {182, 80, 146}

Dot and Cross Products of Vectors

The package Vector Analysis contained in the Calculus directory contains the commands Cr ossPr oduct and
Dot Pr oduct , which can be used to compute the cross product and dot product of two vectors. These two commands are

1y (2
used below to compute ( 2 ] x [ 3] and then the dot product of the same two vectors.
4) \6

in28]:= << Cal cul us™ Vect or Anal ysi s~

o= Cl ear [u, V];
u={1, 2, 43,
v ={2, 3, 6};
uCrossv = CrossProduct [u, V]
udot v = Dot Pr oduct [u, V]

ouf3z= {0, 2, -1}
out33= 32

1y (2 0
Therefore| 2 ] x[ 3] = [ 2 ] and the dot product is 32. Of course, you can also compute these values without using the

4 6 -1

]
12 4} and then compute the determinant of this matrix to find the cross
236

add-on package. Below, we form the matrix

product.
in@4:= m= {{i, j, K}, u, v}
ouza= {{i, j, ky, {1, 2, 4}, {2, 3, 6}}
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nEs= m// Matri xForm
Out[35]//MatrixForm=

i ] kK

1 2 4
2 3 6

in3e]:= Det [mM]
ouzel= 2j -k

The period operator can be used to compute the dot product of two vectors.
In[37:= U. V

out37= 32
Volume of a Parallelepiped

1 2 1
The following example illustrates how to compute the volume of a parallelepiped determined by[Z], { 0 ] and(lO].
5) (-4 14
npe= a={1, 2, 5}; b={2, 0, -4}; c = {1, 10, 14};
m= {a, b, c}
Mat ri xFor m[m]
OUt[39]: {{11 21 5}! {2! 01 74}1 {11 101 14}}

QOut[40]//MatrixForm=

1 2 5
2 0 -4
1 10 14

Abs[ exp] representsthe absolute value of an expression exp.
infa11:= vol une = Abs [Det [m] ]
out[41]= 76

m Plotting Planes

The Mathematicacommand Pl ot [f [x, y], {X, a, b}, {y, ¢, d}] isusedto plotthegraphof z= f(x, y) for
values of x fromato b and for values of y from cto d. Suppose you wish to plot the plane2x+ 3 y+ 5z = 10 for values of
xfromatob and for values of yfromctod.

To plot the equation of aplaneax + by + cz = d, wherec # O, first solve the equation for z

in@42i= Clear [X, Y, z2];
Solve[2Xx +3y +52z =10, z]

out[43]= {{z+% (10-2x-3y)}}

So for thisexample, z= f(x, y) = %(10— 2x—3Yy). Wenow definethe function f (x, y) of two variables.
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nfagl= f[x_, y_1=%1[1, 1, 2]]

out[44]= % (10 -2x -3y)

Now the Pl ot command is used to graph the corresponding plane.
in@s:= Pl ot 3D[f [x, y1, {X, -10, 10}, {y, -10, 10}]

outas]= = Sur f aceGr aphi cs -

Mathematica plots a 3-dimensiona surface, like the plane above, by connecting together a sequence of small rectangles.
Theoption Pl ot Poi nt s — 2 isused to decrease the number of rectangles being plotted. The other option,
BoxRatios — {w, |, h}, will plot the surface so that the ratio of width to length to heightiswtol to h.
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ine:= Pl ot 3D[f [x, y], {X, -10, 10},
{y, -10, 10}, PlotPoints » 2, BoxRatios » {1, 1, 1}]

outa6l= = Sur faceG aphics -

Now suppose you want to view the surface from another point of view. You could begin by copying and pasting the last
input command into the cell below and then place acommaimmediately after the last option BoxRatios— {1, 1, 1}. Then
select Input, and then 3D ViewPoint Selector... . Then place the cursor on one of the corners of the cubein the 3D
ViewPoint Selector window and drag the mouse, while holding down the mouse button, to change the point of view. Click
onthe Past e button once you get the desired position. Then execute the plot command. Hereis an example.
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n@a7= Pl ot 3D[f [X, y1, {X, -10, 10}, {y, -10, 10}, Pl ot Points - 2,
BoxRati 0s » {1, 1, 1}, ViewPoint -> {0.994, 2.660, 1.889}]

T

outj47]= = Sur f aceGr aphi cs =

m Plotting Space Curves

The command Par ametri cPl ot 3D[ {x[t], y[t], z[t]}, {t, a, b}] isusedto plotthe space curve
(X(1), y(t), z(t)) for values of t from ato b. Hereisan example of ahdlix.
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ing:= ParanetricPl ot 3D[{Cos[t], Sin[t], t},

11
0.5

-0.5 0

15

10

outa8l= = Graphi cs3D -

{t, 0, 6x}, BoxRatios -» {1, 1, 2}]

TheBoxRat i os optionisnow used to adjust the width to length to height ratios.
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infol:= ParametricPl ot3D[{Cos[t], Sin[t], t}, {t, O, 6x}, BoxRatios -» {1, 1, 3}]

-1
0.51

15

10

outa9]= = Graphi cs3D -

m Animating Motion

Study the following input command. The Tabl e command is used here to animate the motion of the space curve ast
increases from 0 to 8. To animate the frames, double-click on any one of the frames displayed in the output below.

nsoj= Tabl e [ParametricPlot3D[{Cos[t], Sin[t], t}, {t, O, k},

BoxRatios -» {1, 1, 3}, PlotRange » {{-1, 1}, {-1, 1}, {0, 30}},
Tt Tt
AxesLabel - {x, y, z}1, {k, T 8 r, Z}];
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m Surfaces

Mathematica is agreat tool for helping you visualize 3-dimensional surfaces. This portion of the notebook will provide
you with afew examples.

Level Curves

The next input cell provides you with an example of how to define and plot asurface z= f(x, y).

nsa= X, y ] = e
bel | =Pl ot3D[f [x, y1, {X, -2, 2}, {y, -2, 2}]

out52]= = Sur faceG aphi cs -

Level curves occur when horizontal planes intersect a surface. 1n the following input cell, three plots of horizontal planes
z=0.25z=0.5and z= 0.75 are formed.

nB3:= pl 1 =Plot3D[.25, {x, -2, 2}, {y, -2, 2},
Pl ot Poi nts -» 2, Di spl ayFunction-ldentity];
pl 2 =Pl ot 3D[. 5, {x, -2, 2}, {y, -2, 2}, PlotPoints - 2,
Di spl ayFunction-»ldentity];
pl 3 =Pl ot 3D[. 75, {Xx, -2, 2}, {y, -2, 2}, PlotPoints - 2,
Di spl ayFunction->ldentity];

Now the Show command is used to plot these planes together with the bell-shaped surface above. Note that the intersection
of each plane and the surface appearsto be acircle.
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insel:= Show[ {bel I, pl 1, pl 2, pl 3}, DisplayFunction - $Di spl ayFuncti on,
Vi ewPoi nt -> {2.908, 1.499, 0.563}, BoxRatios - {1, 1, .6}]

1 0 -1°2

outs6]= = Graphi cs3D -
The Cont our Pl ot command can be used to visualize the level curves. The lighter-shaded surfaces correspond to higher
points on the surface.
inis7:= Cont our Pl ot [f [X, Y], {X, -2, 2}, {y, -2, 2}]
o[ ; ; ‘

-2 ‘ ‘ ‘ ‘
-2 -1 0 1 2

out57= = Cont our Gr aphi cs -

The graph above is abit choppy - the Pl ot Poi nt s -> n option makes the curves smoother.
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inie:= Cont our Pl ot [f [X, Y], {X, -2, 2}, {y, -2, 2}, PlotPoints - 30]
o : ‘ ‘ ‘

-2 ‘ : : 2
-2 -1 0 1 2

outssl= = Cont our Gr aphi cs =

The option Cont our Shadi ng — Fal se can be added to eliminate the shading and the option Contours — {.25, .5, .75} is
added so that only the contour curves corresponding to z= 0.25, z= 0.5 and z = 0.75 are formed.
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9= Cont our Pl ot [f [x, y1, {X, -2, 2}, {y, -2, 2},
Contours -» {. 25, .5, .75}, Contour Shadi ng » Fal se, Pl ot Poi nts -» 30]

o[

-2t ‘ ‘ ‘ B
-2 -1 0 1 2

outs9]= = Cont our Gr aphi cs -

Level Surfaces

The command Cont our Pl ot 3D[f [Xx, y, z], {x, a, b}, {y, ¢, d}, {z, e, f}, Contours - {k}],
contained in the add-on package ContourPlot3D, will plot the level surface f (%, y, 2) = k.

in[e0):= << Graphi cs™ Cont our Pl ot 3D
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nie1:= Contour Pl ot 3D[x% + 2y? + 422, {x, -4, 4}, {y, -4, 4}, {z, -4, 4}, Contours -» {16}]

ouel}= = G aphi cs3D -

The PlotPoints option below increases the number of points plotted so that the surface looks more smooth.

me2:= Contour Pl ot 3D[x2 +2y2 + 422, {x, -4, 4}, {y, -4, 4}, {z, -4, 4},
Contours -» {16}, Pl otPoints » {4, 6}, AxesLabel -» {Xx, y, z}]

oue2}= = G aphi cs3D -

Next, aplot of the surface z= V' y — X2 is obtained by first squaring both sides of the equation and then rearranging the
equation to obtain x> — y + 2% = 0, where z > 0.
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ne3;= Cont our Pl ot 3D[x? -y + 22, {x, -4, 4}, {y, 0, 4}, {z, 0, 4}, Contours - {0},
Pl ot Poi nts » {3, 5}, AxeslLabel » {x, y, z}, ViewPoint -> {3.072, 1.125, 0.563}]

out3]= = Graphi cs3D =

Another method for plotting the surface above is described here. The command
ParanetricPl ot3D[{f [u, V], g[u, v], h[u, v]}, {y, a, b}, {v, ¢, d}] isusedto plot the surface
defined parametrically by x = f(u, v), y=g(u, v), z=h(u, v)). So,if ¥ —y+ 72 =0,theny= x>+ 2. Soif
x=f(u,v)=uandz=g(u, v) = v, then y = h(u, v) = u? + 2.
ine41:= Cl ear [u, V];

Par anetri cPl ot 3D[{u, u®+v?, v}, {v, 0, 6}, {u, -10, 10},

BoxRatios -» {1, 1.5, 1}, ViewPoi nt -> {2.908, 1.499, 0.563},

Pl ot Range -» {{-6, 6}, {0, 30}, {0, 6}},

Pl ot Poi nts » {15, 30}, AxeslLabel - {x, vy, z}]

X

52.502.55
«--—“

ouesl= = G aphi ¢s3D -

Siill, another way to plot the graph isto first see that £ + £ = 1 and note that this equation is satisfied if %~ = sin’(t) and
2

-~ = cos’(t). Thenthisimpliesx = Vysin(t) and z= vy cost). We can then use these equations to graph the correspond-
ing surface.
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mnieel= Par amet ri cPl ot 3D[{y Sin[t], y, Vy Cos[t]},
{y, 0, 30}, {t, ==, =}, ViewPoint ->{2.908, 1.499, 0.563},
BoxRatios » {1, 1, 1}, AxeslLabel - {x, y, z}]

X
5 2.5 0-2.5-5

]

outsél= = Graphi cs3D -

The command Pl ot 3D can aso be used to plot some surfaces of theform z= f(x, y). Here is an example where the
hyperbolic paraboloid z = x? — y? is plotted.
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mie7:= Pl ot 3D[x? -y?, {Xx, -5, 5}, {y, -5, 5}]

oute7]= = Sur f aceGr aphi cs =

Here is an example where the Par anet ri cPl ot 3D command is used to plot the surface corresponding to Example 4 of
Section 9.5 in your text.
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injesl:= Par ametri cPl ot 3D[{r Cos[t], r Sin[t], r®2Cos[4t]},
{t, 0, 2x}, {r, O, 5}, BoxRatios -» {1, 1, 1}, PlotPoints -» 25]

outeg]= = G aphi cs3D -
The following example demonstrates how to plot the graph of the equation described in Example 10 of Section 9.5.

1
mieo}= Par amet ri cPl ot 3D[{2 Si n[¢] Cos[e], Sin[¢] Sin[el, 3 Cos [¢]},

{6, 0, 2x}, {¢, 0, n}, BoxRatios » {2, 1, .5},
AxesLabel - {x, y, z}, ViewPoint -> {2.573, 1.893, 0.666}]

oute9]= = Graphi cs3D -
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Hereisaplot of the discontinuous function found in Example 3 of Section 9.6 of your textbook.

2x3 +y?
In[70]:= Pl 0t3D[2—22, {X, —1, 1}, {y, _1; 1}1
Xc+2Y

BoxRatios » {1, 1, 2}, ViewPoint -> {-1.657, 2.346, 2.295}]

out70]= = Sur f aceGr aphi cs -

m Partial Derivatives
Computing partial derivativesis demonstrated here using the function f(x, y) = e XY,

in7)= C ear [f];
fix_, y_1=eX’

oufrz e X'V’
To compute %,executeD[f [X, ¥], X] orusethe palette button containing 8, o andenter o, f [x, y].
inf73:= DIf [X, Y], X]
oura= -2 e XV x
inf74:= 8x T [X, VY]

2 2
ou74= -2 e XY X

The following input and output statements demonstrates how to compute the second order partial derivative fyy(X, y).
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n7si= D[ [X, Y1, X, Y]

oufrsi= 4 e XY x y

inf76l:= Oy, yf [X, Y]

oufzel: 4 e XV xy

Suppose you want to compute f(.5, .75). You might be tempted to try the following.
inf77:= 8xf [. 5, . 75]
ou77]= 0
Y ou do not get the correct value of f,(.5, .75) in the output above since Mathematica first replaces x and y with the values

of .5 and .75, respectively, and then evaluates the derivative of a constant, which always equals 0. What you needto dois
use the replacement operator /.  after the derivative is evaluated.

inf78l:= Axf [X, Y1 /. {X~>.5, ¥y .75}
oui7sl= —0. 443747

Suppose you want to find the equation of the planetangent to f (x, y) = e at (x, y) = (0.5, 0.75). Then all you need to
doisapply eguation (8) in Section 10.1.
infrol= z =f [.5, . 751+ (6x f[X, Y] /. {X>.5, y>.75}) (x-.5) +
6y f[x, y1/. {Xx>.5, y->.75}) (y-.75) //Sinplify

oufrol= 1. 16484 - 0. 443747 x - 0. 665621y

The plane and surface are plotted below. Study the input statement below.

ingo:= pl =Pl ot3D[z, {x, -.5, .5}, {y, -.5, .5},
Pl ot Poi nts -» 2, Di splayFunction-ldentity];
bell =Pl ot 3D[f [x, Y], {X, -2, 2}, {y, -2, 2}, DisplayFunction-ldentity];
Show[ {pl, bell }, DisplayFunction - $Di spl ayFuncti on,
Vi ewPoi nt -> {-2.848, 1.647, 1.219}, PlotRange -» {0, 1.8}]

outg2]= = G aphi cs3D -
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m Double Integration

To evaluate adoubleintegral such as [* 21 fyﬁ+2(4 - ) dx dy, enter | "o do twice for the Basiclnput palette. Usethe Tab key
to move from one box to the next.

2 Ay+2
In[83]:= J J (4 - x) dx dy
-1 y2
54

O th[83]= T

in[g4l:= N[%]
outs4= 10. 8



