Exploring Derivatives with Mathematica

The techniquesintroduced in this notebook will help learn how to use Mathematica to explore the concepts introduced in
the first four chapters of the text.

m Estimating Slopes Numerically and Graphically

Suppose, for example, you want to use graphical and numerical methods to investigate the rate of change of y with respect
toxfor y=3x2—2x+1latx=1. A good starting point isto define afunction f such that f(x) = 3x> —2x+ 1.

n:= C ear [f];
fIx 1=3x?-2x+1

ouze 1 -2x +3x2

In order to estimate the rate of change graphically, the Pl ot command is used to obtain a graph of the function near x = 1.

n@El= Pl ot [f [x], {X, 0, 2}]

0.5 1 1.5 2
ougl= = Graphics =

The values of x in the following Pl ot command have been modified in order to zoom in on the graph near x = 1. The
option, Pl ot St yl e -> Thi ckness [. 01], has been added to increase the thickness of the graph of y = f(x).

The corresponding graph in the output cell below looks almost like aline. (Note that the horizontal and vertical lines
appearing in the graph are not the x-axis and y-axis. Rather, they arelines parallél to the x-axis and y-axis, respectively,
intersecting at (1, 2).)
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in4l= Pl ot [f [x], {X, .95, 1.05}, PlotStyle - Thi ckness[.01]]
2.2+

0. 96 0.98 1.02 1.04

1.9}

1.8+

out4= = Graphics -

The graph above appears to pass through the point (1, 2). To find the approximate coordinates of another point on the
curve, click on the graph above and a box should appear around the selected graph. Then, while holding down the Ctrl key,
move your mouse so the that the cursor is on top of the upper right-hand corner of the graph. When you do this, you will
seethelist {1.05, 2.21} (or something very close to this) in bottom |eft-hand corner of the notebook window. This repre-
sents the point (1.05, 2.21).

Therefore the rate of change of y with respect to x can be estimated by calculating the slope of the line passing through
(1, 2) and (1.05, 2.21).

2.21-2
In[5]:= ——————

1.05-1
outsl= 4. 2

The slope estimate above assumes that f(1.05) ~ 2.21. A better estimate of the slope is obtained by replacing 2.21 with
f(1.05).
f[1.05] -f [1]
1.05-1
outl= 4. 15

In[6]:=

Using Equation (3) in Section 1.4, the rate of change can be estimated by examining the value of &g‘“l’— ash getsclose

to 0. Inthefollowing input cell, the Tabl e command is used to output the value of the list {10"‘, %}”D} for

k=12, ..., 5. Thevalueof hisrepresented by 107 since 107 gets closer to 0 ask increases. Adding // Tabl eFor m
to the end of the command will result in the list being displayed in the form of atable with the values of 107 displayed in

K
the first column and the corresponding values of 1&223-"% displayed in the second column.
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f[1+10. %1 -f[1]

n7= Tabl e [{10. ¥, }. {k, 1, 5}] // Tabl eForm

10. X
Out[7]//TableForm=
0.1 4,3
0.01 4. 03
0. 001 4,003
0. 0001 4.0003
0. 00001 4. 00003
It appears that 1ED=TD _, 4a5h - 0. Another way to state thisis to write limp_,o TED-TD - 4

The Mathematica command for computing limyx, g(X) isLi mi t [g[x], X - xo]. To verify that limpo w =4,

Mathematica is now instructed to compute the limit.

frl+h]-f[1]

= Limt [ - , h —>0]

outlgl= 4

m More Examples of Computing Limits

SN in the following input.

ThelLi m t command is used to compute limy_o =,

Sin[x
)= Li mt [# x->0]
X

outgl= 1

The reserved Mathematica word for o is| nf i ni ty. Next, thevalueof limy,. (1+ 51;))( is computed.

X

),x—>|nfinity]

L 1
inf10;= Li mit [(1 +
2 X
ouf10= e

The reserved word Infinity can be replaced with the co symbol by clicking on «  in the palette Basiclnput (the palette

Basiclnput can be opened from the Help menu by selecting File, then Palettes, and then Basicl nput). The values of

liMys oo %’I and limy,_, % are computed next. (The Mathematica function Abs [ x] represents the absolute value of x.)

Abs [x
1= Limt [#, X = oo]
X+1
Abs [X
e (250
X +1
oui11]= 1
out[12]= -1

Thecommand Limit [g[x], X > a, Direction -> 1] isusedtocomputetheleft-hand limit limy_,_ f(x) and
Limit[g[x], X — &, Direction —> —1] represents the right-hand limit limy_,5, f(X).
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1
inftal= Limt [—, X = 0, Direction-»l]
X

1
Limit[—, x>0, Direction--1]
X
Oout[13]= —oo
Out[14]= oo
Mathematica can compute some symbolic limits also. For example, using the definition of f'(x) found in equation (3) in
Section 1.7 of the text, Mathematica can be used to find the derivative of cos(x).

Cos [x +h] - Cos [X]
h

5= Li mit [ , h> O]

out15]= -Si N[X]

m Computing Derivatives using the Derivative Definition

Using the definition of aderivative, f'(x) = limp_0 wﬂ]‘”"l you can compute the derivative of afunction. The deriva-

tiveis assigned the function namef pri nme [ x] in the following input.

inpei= Cl ear [f, fprine];
fIx 1]=4x>-8x+6

f[x+h] -f[X]
h

fprime[x_]=Lint] , h-0]

oufi7= 6 - 8 x + 4 %3
oufigl= 4 (-2 + 3 x?)
The equation of the linetangent to y = f(x) at the point (a, f(a))isy= f(a)+ f'(a) (x—a). Soif, for example, you want to

find the equation of the line tangent to the curve at (-1, f(-1)), you can compute the line with Mathematica (here the
function namet anl i ne[ x] isused to represent the tangent line function).

o= tanline[x_]1 =f[-1]+fprine[-1] (X +1)
outj19]= 10 + 4 (1 + X)

The Mathematica command Si npl i fy [% simplifiesthelast result. The symbol % refers to the last output (%19 could
also be used in place of %).

inol:= Si npli fy[%
out20= 14 + 4 X

Now the function and the tangent line are graphed together. The option

Pl ot Styl e » {Thi ckness[.01], RGBCol or [1, 0, 0]} appliestheoption Thi ckness[.01]toy= f(X)
(increasing the thickness of the curve) and the option RGBCol or [1, 0, 0] instructs Mathematica to plot the tangent line
in color red. Other colors can be used also - for example, RGBCol or [0, 1, 0] correspondsto green and

RGBCol or [0, 0, 1] correspondsto blue. Consult the Mathematica Help menu for more information about RGBCol or .
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inp1:= Pl ot [{f [x], tanline[x]}, {x, -3, 3},
Pl ot Styl e - {Thi ckness[.01], RGBCol or [1, 0, 0]1}]

30 ¢

20 ¢

10

-10 ¢+

out21]= = Graphi cs -

m Computing Derivatives

The following function will be used to illustrate how to compute derivatives with Mathematica.

nez= O ear [f1;
f[x_1=5x2-7x+10;

From the keyboard, typein D[f [x], x] orf ' [x] tocompute the derivative of f with respect to x.
4= DI[f [X], X]
outp4= -7 + 10 X
insl= ' [X]
out251= -7 + 10 X
To use the palette Basiclnput to compute the derivative with respect to x, click on 6, m andtypeinf [ x] , then pressthe
Tab key and then typein x.
in6l:= 8y T [X]
out26)= -7 + 10 X
Mathematica can also be used to verify common derivative laws, such as the product rule, quotient rule and chain rule.

in27= C ear [f, gl;
DIf [X]1 9[x], X]
out8l= g [X] f’ [x] +f [X] Q' [X]
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f[x] . .
n29}= D[ , x] 77 Sinplify
g[Xx]
oupee 91X frix] *fz[X] 9’ [X]
g [Xx]

in@Roi:= D[f [g[Xx]1], X]
ouzol= f/[g[X]] g [X]
The equation of the linetangent to y = f(x) at the point (a, f(a))isy= f(a)+ f'(@) (Xx—a).

For example, if you want to find the equation of the line tangent to the curve at (2, f(2)), you can compute the line with
Mathematica (here the function namet anl i ne[ x] isused).

inp1= C ear [f, tanline];
f [x_] = Log[x];
tanline[x_1=f[2]+f"'[2] (x-2) // Sinplify
outzzl= -1 + % +Log[2]
Hereisaplot of the curve y = f(x). Note that the plot is assigned the name curve.

inB4]= curve = Plot [{f [x]}, {X, .25, 5}, PlotStyle - Thi ckness[.01]1;

1.5¢

0.5¢

-0.5¢

Now aplot of the tangent lineis given and it is given the name tangraph.
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in@Bs:= tangraph =Pl ot [tanline[x], {X, .5, 4}1;

1.5}

1.25¢

0.5}

0.25¢}

To display both graphs simultaneously, use the Show command.

inEBe:= Show[ {curve, tangraph}]

1.5¢

out36]= = Graphi cs -
Suppose you want to display the curve and the line simultaneoudly, but not individually. The Pl ot option
Di spl ayFuncti on - | dent ity suppressesthe graph from being displayed.

in@7:= Cl ear [curve, tangraph];
curve =Pl ot [{f [x]}, {X, .25, 5},
Pl ot Styl e - Thi ckness[. 01], Di splayFunction-ldentity]

out3g]= = Graphi cs -

in@R9:= tangraph =Pl ot [tanline[x], {X, .5, 4}, DisplayFunction-ldentity]

out39]= = Graphi cs -

Now the option Di spl ayFuncti on — $Di spl ayFunct i on can be used together with the Show command to display
the previously hidden graphs.
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infa01:= Show[ {curve, tangraph}, D splayFunction - $D spl ayFuncti on]

1.5¢

outdo]= = Graphi cs -

Higher-order Derivatives

Enter f' ' [ x] to compute the second derivative, f' ' ' [ x] to compute the third derivative, and so forth.

Si n[x
npa= f[X_ ] = —[]—

X2 - X
out[41]= —Sin[x}
W X2
in@a21= f'' [X]

; 2
outazL- 2 (-1+2x) Cc;s[x] ~ SII’][X; . 2 (71+2x§ ~ 2 S| sinx]
(=X +X2) -X +X (=X +X2) (=X + X2)

Adding// Si npl i fy tothe end of the derivative will simplify the derivative.

infa3;= f "' [x] // Sinplify

“2X (1-3x+2x%2)Cos[x] + (2-6x+5x%+2x%-x%) Sin[x]

out43]= TTex)%%0

Another way to compute the nth derivative of f istoenter D[ f [ X] , { X, n}] . For example, the command in the following
input cell instructs Mathematica to compute the third derivative.

in441= DIf [x], {X, 3}] //Sinplify
1

(-1 +x)% x4

3(2-8x+11x%2-4x3-5x*+2x%) Sin[x])

outf44]= (=X (6 -24x +35x%2-15x>-3x*+x°) Cos[x] +
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m Implicit Differentiation

Y ou can use Mathematica to find do implicit differentiation. For example, suppose you want to find ;—'Z where
(2 %2+ y2)3 =3x2-10Yy?3. Inthefollowing input cell, the name eq is assigned to the equation. Note that = represents an
assignment and == represents an equals sign in an equation.

3

4
In4s)= eq = (E X2 + y2) =3x%2-10y3

2
out[45]= (4; +y2) ==3x%2-10y®

The command Dt [ eq, x] will compute the derivative of the equation with respect to x. The notation Dt [ y, x] appearing
in the output represents —g%.

in@6):= | mpder eq = Dt [eq, X]

4 x2

5

2
+y2} (S 2y D1y, x]) == 6x-30y2 Dt [y, X]

out[46]= 3 [ 5

Now the Sol ve command is used to find g—i. The command Sol ve [i rpdereq, Dt [y, x]] instruct Mathematica so
solve the equating impdereq for Dt [ vy, X] .

in@47:= dersol = Sol ve[i npdereq, Dt [y, x]1]
2

= })

76X+%X <i%(i +y2)

30y2+6y (% +y2)

oupari= {{Dt [y, x] - -

The value of the derivative can be used to plot lines tangent to the equation. The name sl ope is assigned to the slope
formulain the next input statement.

in48:= sl ope =dersol [[1, 1, 2]]

~6x + 3 x (igi +y2)2

outj4gl= - - 5
30y2+6y (24X 1y2)

The Add-on command, | npl i ci t Pl ot , can be used to graph equations. First the package with the same name, found in
the Gr aphi cs directory, must be loaded into memory.

inf491:= << Graphics I nplicitPlot®
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insop= i mpgr =1 nplicitPlot[eq, {X, -2, 2}]

0.5+

out50]= = Graphi cs -

Now suppose you want to find the equations of the lines tangent to the curve at x = 1.

The Mathematica command NSol ve [expr, y] will find approximate solutions to an equation of one variable y
(represented by expr here) for y. So what you want to do hereis replace the value of x in eq with 1 and then solve the
resulting equation for y. The operator / . is used to replace the value of agiven variable. (For example, entering

eq /. X - 1 instructs Mathematica to replace the value of x in the equation eq with 1.) Then the NSol ve command is
used to solve the resulting equation for y.

inB= sols = NSolve[eq /. x> 1, y]
ousil= {{y » -1.73354}, {y - -0.362773-0.572758 1}, {y » -0.362773 +0.572758 i},
{y - 0.549706}, {y — 0.954688 -2.183721}, {y — 0.954688 +2.183721}}

The output above reveals two approximate, real solutionsfor y: —1.73354 and 0.549706. (The other solution are complex
numbers and they can beignored.)

Now the real solutionsfor y are assigned the namesy0 and y 1.

inB2i= y0 =sol s[[1, 1, 2]]
yl=sols[[4, 1, 2]]
x0=1
x1=1

outs2]= -1. 73354
outs3)= 0. 549706
outs4]= 1

outs5]= 1



Exploring Derivatives with Mathematica 43

Next, the replacement operator / . is used again to compute the slope of the tangent lines at (1, —1.73355) and
(1, 0, 549706).

ine:= Cl ear [X, Y]1;
ml = sl ope /. {x »X0, y »y0}

outs71= 1. 05052

inB8:= M2 =slope /. {Xx-»x1, y-»>yl}
outssl= 0. 0129278

The tangents lines are computed in the next input cell.

inso1= tanlinel =y0+ml (x -x0) //Sinplify
tanline2 =yl +n2 (x -x1) // Sinplify

outs9]= —-2. 78405 + 1. 05052 x
outjo]= 0. 536778 + 0. 0129278 x

Now the graphs of the tangent lines are assigned the namet anl i negr .

inp1:= tanlinegr =Plot [{tanlinel, tanline2}, {x, 0, 2},
Pl ot St yl e - RGCol or [1, 0, 0], Di splayFunction-ldentity]

oute1]= = Graphi cs -

Finally, the graph of the equation along with the tangent lines are displayed using the Show command.

ine2]:= Show [ {i npgr, tanlinegr}, D splayFunction - $Di spl ayFuncti on]

0.5°¢

out62]= = Graphi cs -
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m Parametric Equations

Thecommand ParanetricPlot[{f[t],g[t]},{t,a, b}] isusedto plot the graph of the curved defined parametri-
cally by x = f(t), y = g(t). For example, suppose we want to plot the graph represented by the parametric equations
X = sin(t) + cog2t) and y = sin(t) + cog(3t). The following graph is given the namegr 1.

ine3:= grl =ParanetricPlot [{Sin[t] +Cos[2t], Sin[t]+Cos[3t]}, {t, 0, 2}]

out63]= = Graphi cs -
Here is another example and notice the additional plot option added so that the curve is sketched in the color blue.

infe4l:= gr2 = ParanetricPlot [{Sin[t] +Sin[3t], Sin[t]+Cos[3t]},
{t, 0, 2x}, PlotStyle- RGECol or [0, 0, 1]]

oute4]= = Graphi cs -

The Show command can then be used to plot both curves simultaneously.
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infes]:= Show[gr 1, gr2]

outes]= = Graphi cs -

Of course, both graphs can be plotted simultaneously with asingle Par amet ri ¢Pl ot command. Study the following
input statement.

ine6l:= ParametricPl ot [
{{Sin[t]+Cos[2t], Sin[t]+Cos[3t]}, {Sin[t]+Sin[3t], Sin[t]+Cos[3t]}},
{t, 0, 2x}, PlotStyle- {RE&Col or [0, 0, 0], RGBCol or [0, 0, 11}]

outlsé]= = Graphi cs -

m Newton's Method

Suppose you want to use Newton's method, introduced in Section 4.2, to find the zero of f (x) = cos(x?) — x using the first
iterate x; = 1.5.

Y ou could begin by defining and plotting the function to see the location of the zero.
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in7:= Cl ear [f];
f [x_] = Cos [X?] - X;
Pl ot [f [X], {X, -2, 2}]

outegl= = Graphics =

From the graph above, it appears that the zero is approximately 0.8.

Using Newton's Method, substitute the value of X, = 1.5 into the equation x — ff.((f()) .

/. X>1.5

out[70}= 0. 861718

So x, = 0.861718. Y ou can cut and paste the above input cell and place it below, then replace 1.5 with % (recall the % is
the value of the last output) to obtain xs.

f [x1]
f'[x]
oui71)= 0. 804001

In[71]:= X - /. X%

Continuing on in this fashion, you will find that the zero is approximately 0.801071.

f [x1]

Inf72l= X - — /. X->%
f'[x]

oui72l= 0. 801078
f [X]

In[73]:= X - /. X%
f'[x]

ou73l= 0. 801071
f [X]

In[74l:= X - — /. X->%
f'ox]

out[74= 0. 801071
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Another approach isto represent the x; by the user-defined function x [/ ]. Inthe following input statement, the functionis
defined and the first iterate x[ i ] isdefined to be 1.5.
fIx[i -1
inf7sl:= X [i _]1:=x[ -1] - u
f'Ix[i -1]]
X[1l] =1.5;

Now you can compute the values of X[ 2] , x[ 3] and so forth.
In[77):= X [2]
ou77)= 0. 861718

In[78:= X [3]
ou7sl= 0. 804001

In[79]:= X [4]
out[79]= 0. 801078

In[8ol:= X [5]
outgo)= 0. 801071

A quicker way to compute these valuesisto useaTabl e command.

inB1:= Table[{i, x[i1}, {i, 1, 10}] // Tabl eForm

Out[81]//TableForm=
1 5
. 861718
. 804001
. 801078
. 801071
. 801071
. 801071
. 801071
. 801071
. 801071

P OO ~NOORAWDN

0

When the above Tabl e command is executed, you might notice that Mathematica is alittle bit slow at displaying the
results. Thisis because of the way in which Mathematica computesthe valuesof x [i ] internally. When for example,
Mathematica computes x [3 ], it first computesx[ 1] and x[ 2] again and again, when Mathematica computes x[ 4] , it
first computesx[ 1], x[ 2] and x[ 3] , even though Mathematica has computed these values previously. So Mathematica
does not "remember" the values of x[ 1] through x[ n- 1], when computing X[ n] . By replacing

X[ _]:=x[i-1]- 7[—[[,1— withx[i ] :=x[i] =x[i -1] - Tf[[—[[’,—liL—,Mathematlcawnl 'remember”
the prewously computed values of x[ 1] through x[ n- 1] when computing X[ n] . Therefore, Mathematica will compute

the list of iterates much more quickly.
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ing21:= Cl ear [X];
. VI fIx[i -111 |
X[ _]:=x[1]=x[i -1]-m,
X[1l] =1.5;
Table[{i, x[i]}, {i, 1, 10}] // Tabl eForm

Out[85]//TableForm=
1 5
. 861718
. 804001
. 801078
. 801071
. 801071
. 801071
. 801071
. 801071

. 801071

P OoO~NOOOA~,WDN

m Euler's Method

Suppose you wish to use Euler's method to obtain an approximate solution to the initial value problem % =G, y)=t+y,
y(0) = 1 ontheinterval [0, 2] with At = 0.1.

To do thiswith Mathematica, let g[t, y] be defined to equal the value of G(t, y) in the following input cell and using the
palette Basiclnput, click on A  to obtain the greek letter deltaand set At = 1. The values of tx and yi will be represented
by the functionst [k] and y[k], respectively. Sincety=0,sett [0] = 1 andsinceyg=1,lety [0] = 1. Finaly define
tlk_]:=t[k—1] + Atsincety,s =ty +Atandlety [k_]:=y[k-1] +At g[t[k-1], y[k-1]] since
Yi+1 = Yk + AtG(t, Yi)-
inge:= Cl ear [g, At, t, y];
glt_, y_1=t+y;

At =0.1;
y[oy=1

t[k 1:=t[k-1] +aAt;
ylk_1:=y[k-11+at g[t[k-1], y[k-11];

Now the Table command is used to show the values of (ty, yk) fork =0, 1, 2, ..., 15.
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inE3:= Tabl e[ {t [k], y[k]}, {k, O, 15}] // Tabl eForm

Out[93]//TableForm=
0

O©CoOoO~NOOOThSWNPE

PPPRPPPOOOOOOOOO

a b wnN ek

Depending upon the speed of the computer you are using, Mathematica may be alittle slow at computing the table above.

1

.22

. 362

. 5282

. 72102
. 94312
. 19743
. 48718
. 8159

. 18748
. 60623
. 07686
. 60454
. 195

. 8545

To speed up the calculation of thevaluesof t [k] andy [k],replacet [k_] : =1t [k -1] + At with
t[k 1:=t[k]l=t[k-1]+atandy[k ]1:=y[k-1]+At g[t[k-1], y[k-1]] with
Yk 1:=y[k] =y[k-1] +at g[t[k-1], y[k-1]]. (Seetheprevious subsection for adiscussion of why this

speeds up the computing process.)

inpa:= Cl ear [g, At, t, y];

glt_, y_I=t+y;

At =0.1;
y[01 =1;

t[k_] =t[k] =t[k—1]+At,

ylk_1:=y[k] =y[k-1]+at g[t [k-1], y[k-1]1;

The output below is computed quickly by Mathematica, showing the values of the approximate solution.
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info1:= appsol = Tabl e[{t [k], y[k]1}, {k, O, 20}1;
appsol // Tabl eForm
Out[102)//TableForm=
0 1

1.1
1.22
1.362
1.5282
1.72102
1. 94312
2.19743
2.48718
2.8159
3.18748
3
4
4
5
5
6
7
8
9
1

O©CoO~NOOOUTAWNPRE

. 60623
. 07686
. 60454
. 195

. 8545
. 58995
. 40894
. 31983
. 33182
0. 455

NPEPRPRPRRPRPPRPRPPRPPRPPOOOOOOOOO
©CoONOU N WN R

Now we plot the ordered pairs with the Li st Pl ot command to see the graph of the approximate solution.

In[103:= appr oxgr = Li st Pl ot [appsol, Pl ot Styl e » PointSize[.02]]

10| °
[}
gl [ ]
[}
[}
6 °
[}
[}
4l °
[}
.C

20 ,0'.

e’

| 0.5 1 1.5 2

ou103]= = Graphi cs -



