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11. Find g’(r) if g(t)= L(i’) If f(r)=cot(3) and h(t)=1+csc>(3t) then f’(f)=—-3csc>(37) and
1+ csc“(3r)
h'(t) = 2 ¢cse(31) - (—ese(3t) cot(31))(3)
= —6csc? (3t) cot(3r).

f@

Because g(7) = % we can find g’(f) by the quotient rule.

_ ST Oh@) - f(Oh'@)
(h())*
_ —3esc?(3i)(1+ esc? (3t)) — cot(3)(—6 ese? (3r) cot(3r))
- (1+ csc2(31))
-3 csc? Boa+ csc? Br)+6 cot? (€3] csc? 3
N (1+csc2(31))2

g0

.dz . .
13. Determine d_z if z = sin r cos r. By the product rule,
r

dz ) ,
— =(sinrcos
dr (stnr r)

=(sinr)’(cosr)+ (sinr)(cosr)’
= (cosr)(cosr)+(sinr)(—sinr)
=cos? r—sin’ r

=cos(2r).

15. Find % where y = sin(x cos x). We exhibit
X

y = sin(x cos x) as a composition chain:
y=sinu

U = X COS X.

We then have

& =(sinu)’ =cosu
du

du ,
— =(xcos
I (x X)

= (x)’(cos x) + (x)(cos x)’
= (1)(cos x) + (x)(—sin x)
=cosx — xsinx.
By the chain rule,
dy _dydu
dx  du dx
= (cosu)(cos x — x sin x).

. . . . d .
Substitute u = x cos x into the last expression to obtain d_y = (cos(x cos x))(cos x — x sin x).
X
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17. Compute f’(w) where y= f(x)=1+ tan2(2x). We show y= f(x)=1+ tan2(2x) as a composition chain:

y=1+ u’
u=tanv
v=2x
We then have
D (1+u2y =2
du
du = (tanv)’ = sec? v
dv
dv
—=2x) =2.
It (2x)
By the chain rule,
dy _dy dudv
dx du dv dx
= (Qu)(sec> v)(2)
= (2 tanv)(sec” v)(2)
= (2 tan 2x)(sec? 2x)(2)

= 4 tan2xsec> 2x.

19. Compute y” where y=g(cott) and ¢(¢) =tsint. First we compute
q’(t) = (tsint)’
= (t')sint + ¢(sint)’
=sint +7cost.
Using the chain rule we find
¥ = (g(cott))
=(g’(cott))(cotr)’

= (sin(cot t) + cot t cos(cot t))(— csc? 1).

21. Determine » where sin y = x and y = y(x). We differentiate both sides of sin y = x with
=g y=3
respect to x using the chain rule on the left-hand-side of the equation.

(siny)” = (x)
ay _
(cosy) o M

dy 1
dx cosy
Hence,
1 1
@ 7 = 3w o 2.
dxly=n2 y=3z oS -2
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23. Determine b where xycos(x+y)= 7?2 and y = y(x). We differentiate both sides of
Xlx=r, y=rt
xycos(x+y) = 72 with respect to x using the product rule and the chain rule on the left hand side of the
equation.
(xycos(x+y)) = (m?y
(xy)’ cos(x + y) + () (cos(x + y))' = (%)’

(x"y + xy") cos(x + y) + (xy)(cos(x + y)) = (1)’

(y +x ﬂ) cos(x + y) + (xy)(—sin(x + y))(l + ﬂj =0
dx dx
Solving for & we get & = y(cos'(x *y) - xsinx + ) .
dx dx  x(ysin(x +y)—cos(x +y))
Hence
ﬂ _ m(cos2m — mwsin 271r)
dxly=r, y=r ~T(WSIN27 —COS2T)
_1-0
0-1
=-1.
25. Determine ﬂ where
Y=g, y=%

sin x + cos y = 1 and y=y(x). We differentiate both sides of sinx +cosy=1 with respect to x.
(sinx+cosy) =1
(sinx)"+(cosy) =1

cosx — (siny)ﬂ =0
dx

Solving for & we get
dx

d COS X
2 —. So
dx siny
y/4
ﬂ _ cos ¢ _
.y
dx x=Z y=2 SN
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27.

29.

First we find ﬂ
X

for y = tan x.
x=%
B = i(tan)c) =sec? x
dx dx

So—y

d = secz(zj =2.
d. x=1 4

X

Then the equation of the tangent of y = tan x

at (E, lj is y—1=2(x—£) or
4 4
T
=142l x——|.
Y ( 4)

Using the tangent line to approximate a value

of tan (% + 0.03) we find the y-value of the
. /4

tangent line when x = z +0.03.

y=1+ 2((% + 0.03) - %) =1+2(0.03)=1.06

The calculator value for tan (%-{-0.03) is

=1.0619. So the error in the approximation is
= (.0019 (approximations may vary depending
upon your calculator).

for y = cos(mx)

First we find ﬂ
dx

EN

xX=

dy d .

— = —(cos(7mx)) = —m sin(7mmx

I dx( (7x)) in(7ox)

So ﬂ :—n'sin(zjzi.
dxx:% 4 «/5

Then the equation of the tangent line of

= cos(mx) at l L is
y 4 9 ﬁ

_L_i(x_l) or _L_L(x_l)
TR TR TR TR T
Using the tangent line to approximate a value
for cos((0.265)) we find the y-value of the
tangent line when x = 0.265.

y:%—%(o.%S—%)

1 T
-— " (0015
NI
~0.6738

The calculator value for

cos((0.265)) = 0.6730. So the error in
approximation is = 8 X 107 (approximations
may vary depending upon your calculator).

31.

33.

35.

37.

39.

If f(x)=sinx then f’(x)=cosx. Since
f(a)=sina=0.6 and

cosz(a) =1- sinz(a) =0.64 we get
f’(a) =cos(a)=0.8 or -0.8.

If F(0)=sin(20) then F’(0)=2co0s(26).
Since F(a)=sin(2a) =-0.5 and

cos2(2a) =1- sin2(2a) =0.75 we get
F’(a) = 2cos(2a) = £24/0.75 = /3 or —/3.

If h(r) = 4tan(2r +1) then
W'(r) = (4tan(2r + 1)) =8sec>(2r +1). Since
h(a)=4tan(2a+1)=-2 and

sec’Qa+1)=tan’QRa+1)+1= i+1 = % we

get h'(a)=8sec’(2r+1)=10.

The curve traced is a horizontal shift to the

right by % units and so the equation of the

. . T
curve is given by y= sm(x - E) = —COSX.

We use the trigonometric identity
2sin x cos x = sin(2x) to show that

2

disin x =sin(2x). First we differentiate and
x

use the chain rule.

4 (sin2 Xx)=2sin x(i sin x)

dx dx
=28inxcos x
=sin(2x)

Next we differentiate.

x x
=-2cosxsinx
= —sin(2x)

i cos? x =2 cos x(i cos xj
d d



41. First we find ol for y = sin x.
X x:%
dy d . dy n 2
—— =—sinXx =C0SX SO — =cos—=—.
dx dx dx|,_z 4 2
4
Next we find & for y = cos x.
X x:%
dy d .
—— =-—Cosx =—sinx so
dx dx
bl g mo 2
dx x:% 2

43.

. . 2
A line with a slope of g has an angle of

6= arctan[%} with respect to the horizon a

line with a slope of —% has an angle of

&2 &2
B= arctan(— TJ =- arctan(T}

So the horizontal angle between these lines is
2 .
60-p= Zarctan[g) and the vertical angle

between these lines is

T—-0-P=n-2 arctan[%}

We establish that (sin8)” = cos6.
(sin @)’
~ lim sin(@ + h) —sin 6

h—0 h
(definition of the derivative)

. (sin@cos h+cos@sin h)—sinO

= lim

h—0 h
(trigonometric identity)

= lim [sin 0 %h_lj + lim [cos 0 511}11 h)

h—0 h—0
(basic algebra and limit of a sum = sum of the
limits provide the limits exist)
=sin 6 lim (Lh_lj +cosf lim (M)
h—0 h h—O0\ h
(limit of a constant times function equal the

constant times the limit of the function)
=sin6(0) + cos O(1)

Section 2.5 Trigonometric Functions S

(substitution of special limit values)
=cosf.

45. a. t = time is in minutes. At f = 0 cork is at a

47.

high point, labeled as height 5. Height

h = 0 is midway between the high and low

points of the cork. (Other answers are

possible.)
5

b. We assume we can model the motion

using a trigonometric function and assume
height is 5 m at ¢ = 0. Since frequency is

6 times a minute we will use 6 - 27 - ¢ as
the argument for the trigonometric function.

Using the assumptions above we get
h(t) = 5cos(12mt).

c. h'(t)=5cos(12mt)” = —607m sin(127t).

This tells us the velocity of the cork.

a. If A = (cos a, sin a) and B = (cos b, sin b)

then the slope of segment AB is
sinb —sina
coshb—cosa

b. The equation for the line through P = (1, 0)

and parallel to AB is given by
sinb—sina

y=——m"7———(x-1).
cosb—cosa
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c¢. Tofind Q#(l, 0) find the intersection of y= w(x —1) and X%+ y2 =1.
cosb—cosa
sinb —sina 2
Substitution yields X%+ ((—j(x - 1)) -1=0
cosb—cosa

sinb—sina \? 2 sinb—sina )’ sinb—sina )’
(—) 1y _z( jH( ] ~1=0
cosb—cosa cosb—cosa cosb—cosa
Using the quadratic formula we get

. . 2 . . 2
sinb— sin b—s
(Sé‘éb_i‘(?s‘;) =) O (Sg‘;b_i‘g‘s‘;) -1 cos2b + cos2a—2cos(b+ a)
= . Since x#1, we get x = =—

) ) 2 ; ; 2 =
sinb—sina sinb—sina 2—-2cos(b—a
(cosb—cosa) +1 (cosb—cosa) +1 ( )

2—-2cos(b—a) 2—-2cos(b—a)

50 0= _ c082b+cos2a—2cos(b +a) (sinb—sinaj_c052b+c052a—2c:os(b+cz)_1
"\ cosh—cosa i

d. Because segments AB and PQ are parallel, arcs AP and BQ are equal.
Therefore angles X AOP and X BOQ are equal.
So XBOQ =a, and X POQ = XBOQ + XBOP=a+b.
Hence Q = (cos(a + b), sin(a + b)).

e. Combining ¢ and d above we get
cos2b +cos2a—2cos(b+a)

cos(a+b)=- and
2-2cos(b—a)
Sin(aer):(smb—smaj _cost+cosZa—2cos(b+a)_1 .
cosb—cosa 2-2cos(b—a)

49. Use the results from Exercise 48. By basic right triangle trigonometry, we have OB =sec(8 + h),
OA =secB, and OA = OC cos h. So, for h close to zero we have OA = OC. Hence, for small & we see

that
sec(@+h)—secO=0B—-0A
=0B-0Ccos h
=0OB-0C
= BC.
Since 6 =X BAC, it follows that
BC
tan@ = —
AC
_sec(6+h)—sec
hsec@ '
Thus M = tan @ sec 6.

Section 2.6 Exponential Functions

1. Solve 273* =16 for x.

2—3x — 24
-3x=4

—4

xX=—

3
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0 _
. Solve e’ =e for 6. ﬂzi(7x)=c77xz1'94591_7x
e = dx dx
=1 The slope of the tangent line to y =7" at

x=05is C; .79 50 the equation of the
. Solve ¢** —3¢* +2=0 for x. Setw—e Then o 1
(e)? —3ex+2=0 becomes w? —3w+2=0. tangent line is y=+7 + C7«/7(x - E)
Solving the equation in w yields

w=-2)w-1)=0

w=1,2. 13. Find ? where y= 7. We write y= e as
by
In terms of x, we have the two equations a composition chain:
e’ =1 and e* =2. For e* =1 the solution is y=et
x=0and for e* =2 we have that ¥
x=log,2=1In2=0.693147. M=7.
We then have
u —u d
. Solve &% —5foru. D _ (") =é"
2 du
e +e =10 du Y 1
2 41 =10e" E_(7) 7
)? —=10e" +1=0. Hence, by the chain rule,
d dy d
Set w=e¢". Then w>—10w+1=0 and d—y=d—y-d—”
X du dx
+
10+ r =5+24/6. _ 1
7
This gives e" = 5+2+/6 so u =1n(5+2«/€) or =lex/7
u=1n(5-2+6), 7
. du —1/2 : —1/2
34 15. Find I where u=e""7". We write u=e
as a composition chain:
u=e” and w=—-.
2

. We then have

S du_ g L
dw dt 2

Hence, by the chain rule,

p 4 ﬂ du dw

—y=—(3x)=C33x ~1.09861-3* dr  dw dr

dx dx |

The slope of the tangent line to y=3" at =e T

x=051is C3 -3%3 50 the equation of the e 1?2

tangent line is y = «/5 + C3J§(x - %) 2

17. Find f’(x) where f(x)=cos(2e").
7 +

If g(x)=cos(2x) and h(x)=e” then
J(x) = g(h(x)).

Next we find g’(x) and A’(x):

g’(x) = —sin(2x)-2 = —-2sin(2x)
n(x)=e".
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Hence, by the chain rule,
f/(x) = g'(h(x))h’(x)
= -25sin(2(h(x)))e”

=—2e" sin(2¢").

19. Find /(1) where h(t)=e~" .
If f(t)=¢' and g(t) =—t> then h(t) = f(g(?)).
Next we find f'(¢) and g’(¢):
f/()=e" and g'(r)=-2¢
Hence, by the chain rule,
h'(t)= f'(g(t)g’(t)
= ¢80 (-21)
2
=2te " .

21. Find Z—W where w = 4/(e¥)? — e +3. We write
X
a composition chain:
w=+a
a=b*-b+3
b=e".
We than have

dw o
pralal 2V

44 _ 2 3y =2b-1
db

db _ < _ x
—=(e") =e¢".

I (e”)

By the chain rule,

dw _ dw da db

dx da db dx

1 x
= (mj(% —D(e™)

- (Z;J(zb 1))
2¢9b° —b+3

= ; (2e* —1)(e™)
24(e*)? —e* +3
262,\1 —e*

22 —e* 13 .
23. Find ¢’(s) where g(s)=2%¢*.
g'(s)=(2%e*)
=(2%)(*)+ 2 )My
= (Cy2°)(e™) +(2°)(e* ) (4s)
= (Gy2°)(e*) +(2%)(e*)(4)
= C22Se4s + 2S4e4s

25. Find R’(r) where R(t)=e " sin(2¢).
R'(t) = (e " sin(27))’
=(e") sin(2¢) + (e " )(sin(27))
= (e7!(=1))sin(2r) + e ' (cos(21))(2)
=—¢ 'sin(2) + 2¢”" cos(21)

27. Find ﬂ where v = 3
du eu —e u

:(eu _6214)—1.
dv u _ 2uN—1y,
—=((e"—¢
i (( ) )
=_1(eu _e2u)—2(eu _6214 ’
:_l(eu _6214)—2(614 _26214)

~ 26214_614

- (eu _6214)2

29. Find L if y=sec(e” +1).
dx
We write a composition chain:
y = sec(u)

u=e* +1.
We then have

ﬂ =sec(u) tan(u)
du

du_ e*.

dx

By the chain rule
dy _dy du

dx du dx

=sec(u) tan(u)e”

=e¥sec(e” +1) tan(e® +1).

el —e!
31. Find s’(r) where s(t) =

o o —o!
i

- %[(ef)' ey

- %[e‘ ey

4

— 2t~ -]

e +e

2

—t




33.

3s.

37.

39.

Determine y’(x) where ye*™> =1 and
y =y(x). We differentiate both sides of the
given relation with respect to x and simplify:
(ye™™) =1y
(e 4y =y
Ve 4y (x+y) =0
ye Y +ye 1+ y)=0.
We solve the last equation for y’ obtaining
’_ -y
y+1

2
Determine y’(x) where e’ = xy and y = y(x).
We differentiate both sides of the given
relation with respect to x and simplify:

2
() =(xy)
V2 27 ’ ’
e () =xy+xy

2
e” 2y =y+xy.
We solve the last equation for y’ obtaining
’ Y

=2
2ye” —x

Sample answer (other answers are possible):
First find an approximation to /5. This can be
done by letting x = 75, so x? =5. Since
22=4<5<9= 32, start with the estimate of
x = 2.1. Using the binomial expansion

(a+ b)2 =a® +2ab+ bz, we see that

2.12 =2 +0.1)?

=22 4+2(2)(0.1)+0.1%

=4+0.4+0.01

=441.
Increase the estimates for x by 0.1 until the
squares exceed 5, then reduce the estimates
by 0.01 until the squares are less than 5, then
increase the estimates by 0.001, etc.
Continue in this fashion until you have a good
estimate of \B, for instance

2.23606 < +/5 < 2.23607.
Since 2.23606 = 22806
100,000

100,000th root of 11 to many decimal places.
Raise this value to the 223,606th and
223,607th powers. If these two results are
within 0.001 of each other, their average will

be within 0.001 of 11¥°.

, now compute the

We seek the value of b for which (b*) = 2b*.
That is, we seek b so that

41.

43.

45.

47.

Section 2.6 Exponential Functions 9

h

Cp=2=lim b
h—0
page 134 suggests that 7 < b < 10. We set
h = 0.00001 and consider the values of
h

y= P for 7 < b. Trial and error gets

. Table 2.4

b = 7.4. Another method is to differentiate:
Since (e =b-e® =b(e?)*, we see that if
d =2, then b=e” = 7.389056.

We evaluate A(T) = Age®V"T when T = 1000,
Ay =1, and r = 4 obtaining
A(IOOO) — 16(0'01)(4)(1000)

=2.35385x10"".

Because the half-life of C'* is 5730 years, a

test tube containing 20 g of c'" will contain
only 10 g after 5730 years, 5 g after

11,460 = 2(5730) years and 2.5 g after
17,190 = 3(5730) years.

The amount contained after ¢ years can be

/5730
expressed by Al = 20(5) — 20(2)—1‘/5730.

The rate of change of the 20 g of C 14 after
5730 years is found by differentiating the
equation for A(f) and then substituting 5730
for ¢.
-1
(1) =(20(2) ) 2(2) 5730
20 -1 G
A'(5730)=-Cy| — |(2) =——=
G730 2(5730)( T
a. We suppose that a magnitude m star is k
times as bright as a magnitude m + 1 star.
Since a magnitude 1 star is 100 times
brighter than a magnitude 6 star, k> =100

or k=3/100 =2.511886.

5.3-1.2
b. b—1=(§/100) ~ 43.652
by

lim e* =0, and
X—>—o0

Since w =e”* is continuous,

lim e* =0, we conclude that the range of
X—o0

the natural exponential function is {w|w > 0}.
On the interval (0, ) the function

y= 3w® +w has the following properties:
i) y= 3w’ +w is continuous

(i) lim 3w +w=0
w—0
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49.

51.

53.

Chapter 2 Finding the Derivative

lim 3w +w=co,
w—>o0

We conclude that the range of y= 3w +w s
{ly >0} for w e {ww > 0}. If follows that

(iii)

y=3¢>" +¢* assumes all positive values of y.

Since y=»b" is continuous,

. 0 b>1
lim b* = , and
X—y—oo o (O<b<l

) x| b>1
lim 5" = , we conclude that

X—>o0 0 0<b<l1

the range of y=5b" is {y|y > 0}. Thus, the
equation b* =r has at least one solution for
each r > 0.

Because y=b" is strictly increasing if b > 1,

or strictly decreasing if 0 < b < 1, each range
value is assumed at most once. Thus,

b* =r (r>0) has exactly one solution.

We seek the value of ¢%. We consider
e = 0093147 199999963888

e = 109861 -9 999993134

G0 < 230259 _ 10.0000490702.
We conjecture that % =p,

The number e is defined to be the value of b
h

for which ¢, = lim ~ | =1. So, for values

h—0
of h close to 0, but distinct from zero, we have
h

that &~ ~1.
h

eh

Solving -1 =1 for e we get

M—1=n

e =1+h

Vh < 1+ myh
e=~1+m".

We conclude that lim (1+ )" =~ e.
h—0

55.

57.

59.

Sample answer (other answers are possible):

. 1
The functions f(x)= §e3x + 7 and

1 .
g(x)= §e3x —+/2 have derivative *.

a. X"
The graph of y = — (some n ) on (0, =)
e

is shown below.

n

b. The figure suggests that lim x_x =0.

X—oo €

We assume that the amount of radioactive
material is modeled by the equation
A1) = Age ™™
where A is the amount present at time t =0
and k is a positive constant. The rate of
change of radioactive material is given by
A(t) = (Aoe—kt)/

= Age M (—kry’

= —kAOe_kt.
We observe that A’(r) <0 for t > 0. Hence, the
amount of radioactive material present decays
with the passage of time. It is more dangerous
to be near a large amount of radioactive
material than a small amount as the radiation

given off by the material is proportional to the
amount present.
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61. a. The concentration of the drug at time n + 1
is roughly 70% of the concentration at time
n.

ttin+1)—1t(n)
(n+)—n
we obtain estimates for #’(n). The table
below shows these estimates for t’(n) as
rn
o

b. By computing =tn+1)—tn)

well as values for the ratio
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" tn+1)—1t(x 0 -3 -0.30
1 -2 —-0.29
2 -15 -0.30
3 -1 -0.29
4 0.5 -0.20
5 0.5 -0.25
6 0.5 -0.33
7 -03 -0.30
8 -0.2 -0.29

We conclude that t'(n) = —0.28¢(n).

c. A function model for given situation is
t(h) = 107028 The figure below shows
the actual data (with the data points
connected with line segments) with a solid
polygonal curve and the modeling function
t(h) = 10792 with a dashed curve.

— N WA LA

12345678910

Hence, the model tends to slightly
overestimate the concentration of the drug.

Section 2.7 Logarithms

1. If s=1log; 81, then 3° =81=3%
We conclude that s = 4.

3. If s=1logg,30.012167, then

0.23° =0.012167 = 0.23°.
We conclude that s = 3.

5. If s=1log £(36£), then (7/6)* =364/6. Since
(6)* =612 and 3646 =626Y% =672, we

have ls=§ and so s = 5.
2 2




15.

17.

19.

Solve 23* =5 for x.
23x — 210g25

3x=log, 5
X = élogz 5=0.773976

Solve 2¢%% —5¢%¥ +6 =0 for x. Set w = ¢>*.
Then 2% —5¢3* +6 =0 becomes the

quadratic equation 2w? —5w+6=0. Using the
quadratic equation we find that

- EDENES) - 42)6)

2(2)
Since (—5)2 —4(2)(6) = 23, the equation
2w? —5w+6=0 has no real solutions in w.

Hence, the equation 2¢%% —5¢3* 41 6=0 has
no real solutions.

Find L) if y = In(x + 2).
dx

dy _ ,
= (In(x+2))

1
x+2

1
x+2

(x+2)

Compute 5—; if ¥ = In(sin 0).
5—; = (In(sin 6))’
1
sin

(sin @)’

1
=——cos@
sin @
=cot6

Determine r’(¢) if r(r) = (1+1n 2t)10.

(1) = (1+1n 2010y
=10(1+1n26)°(1+1n2t)
=10(1+1n26)° (1’ + (In2t)")

=10(1+1n 2;)9(0 s L (Zt)’)
2

=10(1+1In 2;)9(i 2)
2t

:%(1+ln2t)9

11.

13.

Section 2.7 Logarithms 13

Solve log, 3x =5 forx.

3x=2°=32
32
x=—=
3
Solve log, x +1logs x =logyy x for x using the
fact that logblen—x.
Inb
Inx Inx_Inx
In2 In5 Inl0
T S S
In2 In5 Inl0
. 1 1 1
Since —+—— #0, Inx =0 and so
In2 In5 InlO
x=1.
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_ 3
21. Find ¢'(2) if q(z)zln(ﬂ}

zsinz
[ (1—2z+z3ﬂ
In| ———
zsinz

1 (1-2z+7°
1-2z+2° | zsingz

zsinz

’

q'(2)

’

zsinz  (1-2z+2°)(zsing)— (1-2z+2°)(zsin2)’

C1-2z+7° (zsin z)?
_ zsing (3»12 —2)(zsinz)—(1-2z+ z3)(z’sin z+z(sinz)")
_1—21+z3’ (zsinz)2

zsing  (3z% =2)(zsinz)— (1—-2z+z°)(sinz + zcos 7)
_1—2z+z3. (zsinz)2

_ 372-2 sinz+2zcosz
1—2z+z3

zsinz

2
23. Compute dr if r=e10"

dr ()%,
ar _ e
0 ( )

— e(ln 9)2 ((ll‘l 6)2 )I
— ™0 21 6)(In O
= 031 9)%

21
_2In0 anoy
0

25. Find % via logarithmic differentiation if
x
2

2x+1

y= . Taking the (natural) logarithm of

2
each side of y=

X+
2
X
Iny=1In
Y [2x+lj

=Inx% —InQ2x +1)
=2Inx—InQx+1).

Differentiating both sides of the equation
Iny=2Inx—1In(2x+1)

with respect to x yields

produces the equation

Tay o0 UGy
y dx x 2x+1

2 2

x 2x+1

27.

Solving the above for L gives
X
dy _ 2(1+x)
dx  x(1+2x)
_201+x) &P

Cx(1+42x) 2x+1
_2x(1+x)

CQx+1)?

Find ? via logarithmic differentiation if
X

y=+/xtanx = (xtan x)l/z. We take the
(natural) logarithm of each side of
y=(xtan x)l/ 2 obtaining the equation

Iny =In(xtan x)l/2

1
=—In(xtanx
5 ( )

= %(lnx + Intan x).

Differentiating both sides of
21Iny=1Inx + In tan x with respect to x yields

1 1 1
2—ﬂ=—+—(tanx)’
ydx x tanx
1 sec®x
=—4+——.
X tanx

Solving the above for ? produces
X

dy 1 |1 sec? x

— ==y — +—

dc« 2°(x tanx

1 1 sec’x
=—4/xtanx| —+ .
2 X tanx




29.

31.

33.

35.

To show that logj, xy =log; x +1log, y we
observe that xy=b"%" and

xy = b8 *p1%%Y 1t follows that

blogh Xy _ blog,, xblogh y blogb x+log, y

and so
log,, xy =log;, x +1logy, y.

For b >0 (b #1) we have the relationship

u=>" if and only if v =1log, u. To extend this
to b = 1 would mean that v =log; u precisely

when 1" =u. Since 1" =u has no solution for
u#1, the equation v=1og;u has little

meaning.

1 .
Show that (Injx|)’ = — (x #0). We first assume
x
that x > 0. In this case, we have
(Inx)’ = (nxy = L.
X

We now assume that x < 0. In this case,
we have

(Injx])” = (In(—x))’
=Ly
—X
L
—x

1

—

We conclude that (Inx])’ = L (x 20).
X

Sample answer (other answers are possible):
The two functions y = In(x — 4) and
y = In(x — 4) + 45 both have derivative

(x>4).

x—4

37.a., b. Given the relation that b =e“ if and only

if a = 1n b, it follows that the point (a, b) is
on the graph of y=e” precisely when the
point (b, a) is on the graph of y = In x.

c. This relationship means that the graphs of
y=e" and y = In x are symmetric with
respect to the line y = x.

39.

41.

43.

Section 2.7 Logarithms 15

The graph of y = T_x (shown below) suggests

x

that lim 0.

Inx
o Ty
y
0.5

0.25

+ +—>
5000000000 10000000000

The function In f(x)+4In(—f(x)) has an
empty domain for all functions f(x). To see
this one need only observe that f(x) and
—f(x) are oppositely signed and the domain of
In x is (0, o).

Let f(x)=2" and g(x)=x5. The figure below
shows the graphs of fand g on [-2, 2].
y

y=g) 5

y=f)

t

=2 -1 1 2
We see that f(x)=2%>x® = g(x) forx in
8
(0, 1.1). Below is the graph of y = ;—x

600 1
500 1
400 1
300 1
200 1
100 1

: t
40 50 60 70 80 90 100
x8
Since y= 2—x approaches 0 as x get large, we
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conclude that for large values of x

F(x) =2 > x® = g(x). Numerical exploration
(i.e., substitution of a variety of values of x
into the inequality 2* > xS) shows that we
have f(x)=2">x® = g(x) on (43.6, o).

45. Logarithmic differentiation is most useful for
simplifying the differentiation of expressions
involving products, quotients, and powers as
these are converted to sums, differences, and
products (respectively). The given function has
“addition” as its domain operation and so
logarithmic differentiation won’t be of much
use.

47. We are given that the time needed to factor an
integer N is proportional to the expression

NINYnInN) “ppat is, the time needed to

factor an integer N is given by

49. a. If a certain substance has a pH of 5 then its

[H"] can be found by pH = 10g10(ﬁ}

1
Solving 5= loglo[—j we get
[H"]

[HT]= 107>, This is 100 times greater than

10_7, the [H*] for distilled water. If a

substance has a pH of 10, then we get

[H+1=10710 which is —— the [H*] for
1000

distilled water.

b. Let x=[H"] for solution B, then

2x =[H™"] for solution A. So, for solution B
1

the pH = loglo(—j =log;g1-1log;y x, and
X

for solution A the

1
H =1o —
P glo(zx)

=logyg1-1log;g x —log;q 2.
So the pH’s differ by log;q 2.

I
51. a. Weuse R= 10g10(§) to compare the

intensities of the earthquakes. For R = 7.1
we get a value of = 107'1(S). For R =8.6
we get a value of [ = 108'6(S). These
intensities differ by 10" =31.6.

b. Since the 1906 San Francisco earthquake
had an intensity 16 times that of the Loma
Prieta quake, we can represent the San

{(N) = keV NN £ some value k. To
estimate k we observe that

RSA 129 =~ 1.14382 x 10'?® and so we have
that

#(RSA 129)

5 key“‘(ln1A14382><10128)(lnln1.14382><10'28)

~ k6.07556 x 107

= § months.

(If your calculator can’t handle
In(1.14382 x 10'?®) then rewrite it as

In(1.14382) + 128 In(10).)
Solving the above for k yields

k=131675%x10""". So,

t(1x 10149) = 360 months = 30 years

and

1(1x10'"%) = 1.35368 x 10° months
= 110,000 years.

Francisco earthquake’s intensity as
1=16-(10""1s. So

7.1
et 1475)

=log;p(16(107 1))
~8.3.

53. Since y=In ™ = kx, we sketch the graph of

kx

y=Ine™" using the techniques of Section 1.2.

Estimating the slope of the line y = kx we find
that k = —l.
4

Section 2.8 Inverse Functions

1. Since f(x)=-3x+3§,

x = f(g(x)) =-3(g(x))+8. So x =-3(g(x)) +38,

or g(x):—x-gg.

3. Since f(x)=3(x-2)>+7,
x= f(g(x) =3(g(x)-2)> +7. So
x=7

1/3
x=3(g(x)=2)° +7 or g(x)= (T) +2.



. Since f(x)=2In(3x+4),
x = f(g(x)) =21In(3(g(x)) +4). So

x=21n(3(g(x) +4), V% =3(g(x))+4, or

e¥? -4

glx)=

. Since f(x)=3e>*7 +6,
x = f(g(x)) =383 1 6. So
1= 36285 L g 280N-5 _

1 x—6 5
=—1 +—.
8(x) 2n( 3 ) :

x—06
=

f

T~

\
\
f\&\ )
S
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13. Suppose that u and v belong to the domain of

F=2"% with f(u)= f(v). Then
3+2x

2—-u _ 2-v

342u  3+2v
=Q2-w)@B+2v)=2-v)3+2u)
=6+4v-3u—-2uv=6+4u—-3v-2uv
=>4v-3u=4u-3v
Su=vw
Hence, f is one-to-one on its domain.
To find f 1 we exchange the roles of x and y

-Xx

in y= and solve for y.

+2x
X = 2=y
3+2y
B+2y)x=2-y
3x+2xy=2-y
2xy+y=2-3x
Qx+1)y=2-3x
-1 2—-3x
X)=vy=
F=y=y

The domain of f ~1is seen to be all real

1
numbers except x = ~7

Show that G(r) = %ln 7t and F(t)= %ezz, are

inverse functions. It is sufficient to show that
either (Go F)(t)=G(F(t))=t or

(FoG)(t)= F(G(t)) =t. We will show that
(GoF)(t)=G(F(t)=t.

_l l 2t
(GoF)(t)= 5 ln(7(7 e D

=llne2’
2

-2

=t
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17. Since g:f_1 and f(2)=g(15),
1
"(15) =
§=7a)
F(x)=3x2+2 and £/ (2)=3(2)> +2=14.

1
So g’'(15)=—.
g'a5) 1

JIf f(x)=x> +2x+3 then

! Cf
r'(1)
h(x) = x%+4x -3 then h'(x)=2x+4 and

W(1)=6. So k'(2) = é.

19. Since k=h"" and K(1)=2, k' (2)=

21. Since g=f"' and f(—%):—l,

1
g'(-1)=——.1If f(x)=tanx then
=

£(x)=sec? x and f’(—%) =2. So

—p =L
g(l)—z.

23. If y= f(x) then %:f'(x). Similarly, if
X

x =g(y) then ? =g’(y). Since f and g are
Yy

inverses, g’(y) = ﬁ and g(f(x))=x.

d d
So E(g(f () = E(x)’

gf(x) f(x)=1
gy /=1
dx dy _,

dy dx_ '

25. January 31 is 40 days past December 22 and

so we see that

A(40)=-13.5+ 705

1+0.00006(40 — 182.5)*

=~18.3.

October 31 is 313 days past December 22 and

so we have that

AB13)=-13.5+ 705

1+0.00006(313 —182.5)>

=21.4.



