” Chapter 2 Finding the Derivative

Section 2.1 Derivatives of Polynomials
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7. f()=(x+DQ2x+1)=2x> +3x+1;
F(x)= Qx> +3x+1Y
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b. We seek a function g(x) with g’(x) = f’(x).

Since the derivative of a constant function
is 0 and since the derivative of a sum is
the sum of the derivatives, we consider the

function g(x)= f(x)+10= %x3 +10.
Then

g'(x)= G)ﬁ + 10)

’

:(%Q) +(10Y

=x2+0

=x.
We note that any function of the form
g(x)+ C where C is any constant is a

function with the same derivative as g(x).

I y:x4, then ?:(x4)':4x3.
by

. We seek a function h(x) with derivative

1 . , .
§x3. Since (x4) =4x> and since the
derivative of a constant times a function is

the constant times the derivative of a
function, we know that (Cx4)’ =4Cx°. So,

find C such that 4C = % We conclude that

4

C=L and, hence, (Lx“) =lx3 SO
12 12 3

1 4
h(x) D x7.
We note that any function of the form
f(x) + C where C is any constant is a
function with the same derivative as f(x).
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In problems 13-15 we have functions f, g, and A
with f'(3)=-4, g’'(3)=7, and W’(3) =1.

13. If s(x)=3f(x)—2g(x)+ %h(x), then

’

(3)= (3f<x> —2g(x0)+ %h(x))

x=3

- ((3f(x))' — Qg0 +(§ h(x)) ]
x=3

- (3f’(x) 24 (0 + %h'(x))
x=3
=3 (3)-24' 3+ %h’@)

= 3(d) =27+ % M

15. We first solve f(x)+ g(x)+ h(x)+s(x) = 2043

for s(x) obtaining

s(x) = 2043 — (f(x) + g(x) + h(x)).

The derivative of s(x) when x =3 is given by

)= (2073 = (F() + g0 + h(x)))"

x=3

= (203) - (F) = (g = ()

=(203) -/ - B-1 ()
=0-(-H-(D-)
-4,

17. We seek the equation of the tangent line to
the graph of f(x)= 2x2 —3x+4 at the point
(2, 6). We first compute f’(2):

£(2)=(2x% =3x+ 4]

xX=

= (@x?y - Gxy +@y)

= (202 = 30x) + 4y
= (22x) -3 +0)|,_,

=(4x- 3)|)C:2

=5.
The tangent line to the curve is given by
y—6=f'2Q)(x—=2) or y—6=5(x—2).

xX=

xX=

19. We seek the equation of the tangent line to
the graph of g(x) = ax* +bx+c at the point
(d, g(d)). We first compute
g'(x): g'(x)=2ax+b. At x=d we have
g'(d)=2ad+b and g(d)= ad® +bd +c.
The tangent line to the curve is given by
y—g(d)=g(d)(x—d) or
y—(ad® +bd +c)=(2ad +b)(x —d).

21. Multiply the terms on the right in each and
simplify.

23. By the definition of a derivative we have

(¢f)(x) = lim (@) —cf(x)

=>x  ZI—X
. C( f(2)- f(X))
X Z—X
= lim L=/
X —X
=cf’(x).

25. By the definition of the derivative and the difference-of-nth-powers factorization we have

1 ’ 1 _ 1

. n n
(—) = lim +=—&
xn z7—=x I—X

Xt ="

=xXx 7 (2—x)

) —(Z—X)(Zn_l +Zn—2x+zn—3x2 +.._+an—2 +xn—1)
= lim —

X X"z (z—x)
i _(Zn—l +Zn—2x+zn—3x2 Feet X" n—l)
= m n_n

X Xz
_ _nxn—l

xln

_ —n

xn+l
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27. 1If r(0)=0+6+%, then

’

) = 1
r(0)—(9+6+9)

=0’+6’+(l)
0

’

2
29. Ifh(r)=(1+%) =1+i2+i then

4 ’
Kir)y=|1+—
(r) (+r2+4]

31. If Matt is climbing the rope at twice the rate of Bart and Bart climbs 2000 —10 =1990 feet in
20 minutes, then Matt must climb 2(190) = 380 feet in that same 20 minute period. Since Bart started at
ground level, after 20 minutes we conclude that he climbed 380 feet.
If B(r) is Bart's height after # minutes and M(¢) is Matt's height after # minutes then B’(¢) is the rate at
which Bart is climbing and M’(¢) is the rate at which Matt is climbing. Since Matt is ascending twice as
fast as Bart, M’(t) =2B’(t).
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Section 2.2 Derivatives of Products and Quotients

1. y=()c2 =3x+1D)R2x+4);
V=2 =3x+1)Qx+4)+ (x> -3x+DQ2x +4)
=2x-3)2x+4)+ (x> =3x+1)(2)
=6x> —4x—10

3. H@)=(-9 +6r* =212 + 8t —1)%;
Set h(t)= (-9 +6t* —21¢> +8¢—1). Then
H'(t) = (h(t)*Y’
= (h@®h(r)y
= W(Oh(t) + (O (£)
=2h(t)h’(t)
It follows that H'(f) = 2(=9¢° + 6t* —21#% + 8¢ — 1)(—45t* + 2413 — 421 + 8).

2x% =3x+10
” f(X) i )622 =7 ’ 2 2 2
, 2x" =3x+10)(x" =7)—(2x" =3x+10)(x~ =7)’
frx) = 2o

_ (4x-3)(x? -7 —(2x% —3x+10)(2x)

- (2 =7)?

_3(7-16x+x%)

=72

2
7. s(r)=(1—1+£2) ;
r.r

In view of the solution to Exercise 3,
vo=o1-Le 21-Le 2]
r r r r
s'(r)= 2(1 - 1 + %I(l)’ - (l) + (%J ]
r r r r
1 2 1 4
=2ll-——+=-—
( r 7'2 XVZ ”3 )

9. r=(6%-2)6%-3)62-4);

dr o0 o3 4 iy
de—[{(Q 2)(0° -3)}O" —4)]

={(60° -2)(0° =3)Y (0" - 4)+{(6> - 2)(0° -3)}O* -4y

={(0° -2)(0° =3)+(8> —=2)(6° = 3)'}(0" - 4)+{(67 —2)(0° - 3)}(8* - 4)’
={20(0° -3)+ (67 —2)(36%)}(8* — 4)+ {(67 - 2)(6°> —3)}(467)

=20(0° - 3)(6* — 4)+ (6% —=2)(36%)(6* — 4)+ (6% - 2)(6° —3)(46%)



11. p(r)=

13.

r? +2r+7. Note that the radicand is

positive for all values of ». By Example 2, we
have

p'(r)= (M)

L +2r+7y

’

242+

l (2r+2)
2 2 +2r+7
r+1

\/r2 +2r+7 .
F(s)=+/25s —14/65 + 7 . Note that the domain

. ! .
for the function F is [5’ oo). Using the product

rule and Example 2, we have
F'(s)

_ (st—l),«/6s+7 25— 1(Ves+7)

DI T Vi e Yy (1 (6s+7)’)
2 «/2s— 2 \J6s+7
=l 6s+7 +~25— (IL)
2 \/2s 2 A6s+7

In problems 15-17 we have functions u, v, and w

with u(2)=1, v(2)=

2, w2)=3, u'(2Q)=4,

v'(2)=5, w'(2)=6.

15.

17.

We seek f’(2) given that f(x)=u(x)v(x). By
the product rule, f(x)=u’(x)v(x)+u(x)v’'(x).
Hence,

F12) = QQ2) +u)'(2) = 42) + 1(5) = 13.

Find f’(2) given that f(x)=2w(x)—3u(x).
By Example 2, we have

£/ = (2w(0) = 3u(x))
_ l 2w(x) —3u(x))’
B 2w(x) — 3u(x)
_1 2w’ 2w'(x) = 3u’(x) 3u’(x)
2 A2w(x) — 3u(x)
Now, we find f’(2):
, 1 2(6)-34)
F@=5 203)-3()
assumed that the function 2w(x)—3u(x) >0 at
and near 2.)

=0. (It is implicitly
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19. If y=(2x*> —1)(3x+7), find all (x, y) so that

21.

& =0. We first compute ﬂ, then we solve
dx dx

the equation % =0 for x, and then determine

the y-values corresponding to the points where

=Q2x2-1YBx+7)+Q2x> =D)Bx+7)

=(4x)GBx+7+2x> - DQ3)
=18x2 +28x -3
Now, ﬂ =0 if and only if
dx
—3+28x+18x% =0. Applying the quadratic
~14 5410

formula, we find that x = T

. Hence,

the desired points are
~14-5y10 238+ 625110
18 243
=~ (-1.65619, 9.11285)

and

—14+5J10 238 -625410
18 ’ 243
~(0.100633, —7.15401).

The equation of the tangent line to
_2x2 -7
C 7x+1
y—y(2)=y'(2)(x —2). Substituting x =2 into
the given function relation yields

2 —
y(2) = M = —. We next determine ﬂ:
T2)+1 15 dx

dy (242 =7
dx Tx+1

_ Qx2 =TV (Ix+1)—2x% =) (Tx +1)

at x =2 is given by

(Tx +1)?
Ax(Tx+1)—(2x2 = 7)7
- (Tx + 1)
49+ 4x +14x7

(Tx+1)%

Evaluating ? at x =2 produces the value of
X

11
2—2§ So, the equation for the tangent line is

1113
S IBD .
V15T s
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23. We seek functions u(x) and v(x) so that if
w(x) = u(x) v(x),

w(x) = (2x =3)(4x> +3x=1)

+(x% = 3x+8)(12x2 +3).
Apply the product rule to the function w(x)
gives w'(x) = u’'(x)v(x) + u(x)v’(x). We
conclude that u(x)= x? -3x+8 and
v(x)=4x> +3x—1.

25. Assume u(x) is differentiable.

a. By the product rule,
W(x)*) = @x)u(x)’

=u'()u(x) + u(x)u’(x)
=2u(x)u’(x).

b. By part a and the product rule,
u(x)*) = @0 u(x)*1)
= 1’ (0)[u(x)* 1+ u()[u(x)*Y
= ' (0)u(x)? + u(x)[2u(u’(x)]
= 3u(x)?u’(x).

c. By part b and the product rule,
)Y = @)[ux)*1y
= ' (0)[u(x)* 1+ u(0)[u(x)’ 1
= u’(x)u()c)3 + u(x)[3u(x)2u'(x)]
= du(x)3u'(x).

d. By part ¢ and the product rule,
W(x)°) = (0)[u(x)*1y’
= ' (0)[u(x) 1+ u(0)u(x)’ 1
= /(o) +uo[4u(x) w' (x)]
= 5u(x)* u’(x).

Based on the solutions to parts a—d, we
conjecture that (u(x)") = nu(x)" " 'u’'(x).

’ 2/
27. (|x|)'=(Jx7) Ly 1o X g,

22 2
formula for (|x|), suggests that the derivative is

defined for all real numbers except 0. The
graph of y =|x| shown has a corner at the point

(0, 0) and, so, (|x|), is defined away from zero.
y

—5-4-3-2-1| 12345

. All references are with respect to Figure 2.4. If

one pulls at P so that wheel A turns one
complete revolution clockwise, then the chain
is moved through a distance of 2zR units in
the direction of b via the larger radius pulley
on wheel A. However, at the same time the
smaller radius pulley is allowing the chain to
pass over it in the direction of A at the rate of
27r units per complete revolution. Hence, the
gross change in chain length is 27R —27r.
Since the gross change in chain length is
divided over the "up" and "down" sides of the
chain, the net change is mw(R—r).

. Since M(t) = D(1)V(t)

M’(t)= D'(t)V(t) + D(t)V'(¢).
So, when D(r) =1200 kg/m3, V(r)=0.01 m’
D’(t) = 0.001 kg/m3 /minute and
V’(¢) = 0.0005 m3/minute we get
M’(1) = (0.001)(0.01)
+ (1200)(0.0005) kg/minute
=0.60001 kg/minute



33. The area of the circular oil slick is given by

the equation A = 7r? and the volume is

determined by V = mr’h. We note that all the
variables (r, A, V, h) depend on time. Since
the radius is increasing at the rate of

10 meters per hour, we know that

fl’; =10 m/h. So, differentiating both sides of

A=mr? with respect to time yields
dA dr dr dr
—=7n(r )—ﬂ—r+r— =21r—.
dt dt dt dt
At the instant that the radius is 2 km

(= 2000 m), we have that

aA =27(2000)(10) m?/h
dt 22000
= 40,0007 m*/h

Now, differentiating both sides of V = rth

dav )
roduces — = (wr°h)’
p 7 ( )

= 2((r*)h+rh)
= n((r'r + 1)+ P2 h)
=nQrr'h+ rzh’)

Since h=0.005 meters, i’ =0. So, at the

moment r =2000 meters we have that

Lj{‘t/ = 72(2000)(10)(0.005) = 200r m /

Section 2.2 Derivatives of Products and Quotients 7

3s.

We derive the quotient rule for derivatives.
We assume that u(x) and v(x) are
differentiable at all points in the domain of

wix) = 40 u(x)

v(x)
We apply the definition of a derivative to the
function w(x):
w(x)
u(t) _ u(x)

= lim W_ v(x)

t—>x I—X

lim u(t)v(x) — u(x)v(t) 1

. Further, we assume that v(x)#0.

t—x t—x v(Hv(x)
— lim u(t)v(x) — u(x)v(x) + u(x)v(x) — u(x)v(t)
t—x (t = x)v(t)v(x)

(Note: —u(x)v(x)+ u(x)v(x)=0)
lim (u(t) — u(x))v(x) + (—u(x))(V(t) — v(x))
t—x (= x(H)v(x)
u(t) u(x) V(x) — u(x) 2=V v(t) v(x)

= lim
t—x v(t)v(x)

(lim ut)- ”(x))v(x) u(x)(hm V“}j;(x))

— —
(hm v(t))v(x)
t—x
By the definition of the derivative
o MO —ux) _ W(x)

t—)x r—x

and lim HH)=v(x) =v(x).

t—x t—x
Further, because v has a derivative at x, it is

continuous at x. Thus lim v(¢) = v(x).
t—x

Substitution into the last expression for w’(x)
returns the quotient rule.




8 Chapter 2 Finding the Derivative

37. We know that (uv)’(a)= lim

t—a
Substituting for u(#) and v(r) we get
lim w(a)+u'(a)(t —a)+ E, ()t — a))(v(a) + V' (a)(t — a) + E, (t)(t — a)) — u(a)v(a)

u(t)v(t) — u(a)v(a)
1t

—a

t—a t—a

~ lim u’(a)(t —ayw(a)+u(a)y’(a)t—a)+(t —a)u(a)E, () +v(a)E, (1) + ( - a)z(u'(a) +E,()(v'(a)+ E, (1))
t—a t—a

= lim u’(a)v(a) + u(a)v’(a) + u(a)E, (1) + v(a)E,(t) + (t —a)(w’(a) + E,,(1))(v'(a) + E, (1))
t—a

= lim u’(a)v(a) + u(a)v’(a).
t—a

39. Sample answer (other answers are possible):

If F()=3r, G(t)=1+1, Ht)=4r, J(t)=1* 1, then h(t)= F(G(H(J(x)))) =1+%2 —1.

12+l

41. The calculator form of 22 is given by 222N (1" 2)+1)).

Section 2.3 Differentiating Compositions

1. If g(x)=2x+2 and h(x)=x"%"3, then f(x)=g(h(x))=2x"33+2. So, by the chain rule, we have
7 d 7 4
fx)= Eg(h(X)) =g’ (h(x)h’'(x).

Since g’(x)=2 and A’(x)= ?;c(”’ S %x”” 3it follows that f’(x)= 2(?%0’ 3) = 26,1013,

3
3. Let y= u® and u=2x%-3x+1. By the chain rule, we have ﬂ = ?%
u dx
Since &= @23 93,22 g 9 i(2x2 —3x+1)=4x-3, it follows that
du du dx dx
ﬂ=ﬂ.ﬂ= (23u22)(4x—3).
dx du dx

Substitution produces

L 232x% = 3x+ )P (4x - 3).
dx

5/4
5. If f(x)= /% and h(x)= x3 —5x+%, then g(x)= f(h(x)) = (x3 —5x +%) . So, by the chain rule, we

have g'(x) = %f (h(x)) = f*(h(xX)h'(x).

1/4
Since f'(x)= %xl/ 4 and ' (x)=3x> =5, it follows that g’(x)= %(f —5x+ %) (3x% -5).



7. Let y=~/u=u"? and u=u(t)=2¢—7. Then

f(@®) = y(u(t)) =+2t—7. By the chain rule, we

dy du
have f’(t)=— —.
F® du dt
Since ﬂ=iu”2 =lu_1/2 and
du du 2
du

—= i(2t —7)=2, it follows that
dt dt

_dy du
Cdu dt
1L 12
= (5“ )(2)
1
E.
Substitution produces

N
Fo= 2-7"

. By the product rule,
dr

do

=126 -1 (46 +m)® + (26 - 1)°[(46 + )3T
To complete the problem we apply the chain
rule to [20-1)°7 and [(40+ )% .
First, regard (29—1)6 as u® where u=20-1.

Then [(260 —1)°] = 61° % =6(20—1)°(2).

Treating (40 +7r)8 as v8 where v=40+7 we

find that [(40+ )% =8/ % =846 + ) (4).
Finally,
dr

& o 1220-1)°140+1)8
70 ( ) ( )

=20-1%32)40+m)’.

11.

13.

Section 2.3 Differentiating Compositions

Let g(x)=+~1+x. Then
y=g(g(g(x) =1+ 1+1+x .

By the chain rule, it follows that

D _ o e(g(0))g (g (x).
dx

Since
gw=-L+n"?
dx
1 “1/2
=—(1+
2( x)

11
T2 l+x

D _ (58 (g(x)E ()
dx
1 1 1

T2 T+g(g() 21+ () 21+ x

1 1 1 1
8\/1+\/1+«/m Vlex Vl+x

4u—1
3u+7

If gw)=3u=u"? and fu)=

du—1
3u+7

, then

h(u) = g(f (W) =3

rule, we have

. So, by the chain

h'(u) = % g(fw) =g’ (f(w)f"(u).
Since g'(u) = %1[2” and

s (Gu—1YGu+T)— (4u—1)Gu+7)
f= Gu+7)>

_ (ABu+7)—(4u-1)3)
Gu+7)°

31
CGu+7)?’

it follows that

h(uw)=g'(fw)f'(u)

1 (4u—1)_2/3 31

“3\Gut7)  Gurn?
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15.

17.

Here we have

H) =32~z +2: 2 14y f1- L
Z
So

1l

H'(2)=[Bz2 -1)*T(@z 3 +2z72 +4) |1 - 1, G2 -D*4z 3 +2772 + 4y /1 1
Z Z

’

+ G2 -D*4az 3 2272+ 4)( 1- i] .
Z

We now compute the three derivatives in the above expression.
- 4 2 dy 3 du
(i) Let y=u" and u=3z" —1. Then — =4u’, —
dx Z
dy du
du dz
= (4u’)(62)
=24z(32% - 1)°.
(i) (427342272 +4) =(4273) +Qz72) +(4)
= (1277 + (-4

=6z and so

(322 -D*) =

(iii) Let f(z)=+/z and g(Z)=1—l. Then f'(z)=L, ¢(2)=0-(-1z2 =L2 and so
Z 24z

Z
(1/1 - %) = f(e(g)

)

Substitution yields

H'(2)=[24z3z> - 1D} 14z +2272 +4) |1 - 1
z

+ B2 D127 4773 J1- 1
Z

1
-

1
2/1—lZ
Z

Find ? if y=f(f(x)) where f(x)=x>-3x+1. So f’(x)=2x-3.
X

By the chain rule, % = f/(f(x) f'(x)
x

=2f(x)-3)2x-3)
=2(x* =3x+1)-3)2x-3).

+ G322 -D*4z 3 12772+ 4)




19. Find ? i ymu? 1 and w= x4l
X
By the chain rule we have
dy _dydu
dx du dx
=@+ Y1y

- (214)(_73 x‘”)

= 3ux?

=3+ )2,

21. Find 2 if y=ﬁ=wl/2,w=l=v—1
dx

v=2x-1.
dy _dy dwdy
dx dw dv dx’
ﬂ=lw—1/2, d—w=—1v_2, ﬂ=2, we
dw 2 dv dx
have B — @ dw dv

dx dw dv dx

= (% w2 )(—v‘Z)(Z).

Substituting the given information we obtain
the derivative

By the chain rule,

Since

day _ -1
dx w22
o
- (v—1)1/2v2
-
2
-
Qx-1)Y*"

23. Determine % provided that y = H(z‘2 +1),
t=3x-1, and H'(v)= % By the chain rule,
% =H'(1* +1) %(rz +1)
, d dt
=H(* + D(E > + 1)) -

1

2 +1

dt
(Zt)a
- 2Gx-DI3
G 2er IO
_ 6(3x—1)
Gx-D%+1

Section 2.3 Differentiating Compositions 11

25. We find f'(w)= di|(x —2)(x+1)| using the
X

chain rule and the fact that i|x| =X (x%0).
dx |x]

Let g(x)=|x| and

h(x)=(x—2)(x+1)=x> —x—2. Then

f(x) = g(h(x)). Since g'(x)= ﬁ(x #0) and
X

h'(x)=2x—1, we have

=L gy
dx

= ¢/(h(x) ()
LG

e

x2

:2_—36_2(2)5_1).
‘x -—x-2

3
27. We find & = i(‘ 3 x‘+2) by using the
dx dx

chain rule and the fact that di|x| = (x#0).
x

A
Ll = i(‘)63 —x‘+2)3

dx dx
=3 2] L - of+2)
:3(‘x —x‘+2)2 ‘iz :i‘ %(f —-X)

= 3(‘x3 —x‘+ 2)2 m
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31.

33. First we find b of y= = (x2 +1)_1/ 2, By the chain rule we have
Xlx=0 x°+1
dy L o2 =32
—=——(x"+1 2x
I 2( ) 7 (2x)
_ —X
2+ )2
R dy)| s N |
deleop a+D¥2 0 227

This is the slope of the tangent line. For the equation of the tangent line at (1, %) we get
-1

35. First we find Ll of y= (2)62;3)35 using the quotient rule and the chain rule.
Xlx=2 (=x" +x)

dy ((2x=3P)(=x* +x)° - 2x =3’ (~x* + x)°)’

dx (2% +2))?
32x-3)%Q2x=3)(=x2 +x)° = 2x =3 (5(=x% + 0*(=x% + 1))
- (—x2 + x)lo
302x-3)2@)(=x% +x)° —2x =3)°(5(=x% + 0)* (<2x + 1))
- (—x2 + )c)10

0 L = 3 is the slope of the tangent line at (2, _—1) For the equation of the tangent line at
dx|,—p 64 32

. B
2, L f oyt = S (x—2).
( 32)Wege o Ta



37. We want to find F’(2)

=15 if F=F(y) and
y(15)=25.5, F(25.5) =-20, y’(15) = 4.25, and
F’'(25.5)=-1.9.

Using the chain rule we get
F'(t)=(F(y))' = (F'(y)) ' simplifying when

t = 15 yields
F'(t) =(F’(25.5))(4.25) = (-1.9)(4.25)
=-8.075°F / sec.

¥(15)=25.5 and F(25.5)=-20 tell us that

when ¢ = 15 the object is at 25.5 units on the
y-axis and when the object is at 25.5 units its
temperature is —20°F.

y'(15)=4.25 and F’(25.5)=-1.9 tell us that
when ¢ = 15 the object is moving at a rate of
4.25 units/sec on the y-axis and when an
object is at a height of 25.5 units its

temperature is changing at a rate of —1.9°F/sec.

Section 2.4 Implicit Differentiation

1. To find ? from the equation 3x% - 4y2 =3
by

we assume that y is a function of x and
differentiate both sides of the equation with
respect to x.

d 2 2, d
—@Bx -4y )=—3
dx( ) dx
24 2y
dx dx dx
dy
6x -8y —=0.
S dx
Solving this for & yields & 3x.
dx dx 4y

Section 2.3 Differentiating Compositions 13

3. To find Z from the equation

3x—2y+——7=0 we assume that y is a
X

function of x and differentiate both sides of the
equation with respect to x.

i(3x—2y+1—7)=io
dx X dx
4oy d oy dy d o d
dx dx dx x dx dx
xiy yix
d.
gy D gyt “de 45 4
dx x X dx dx
dy _
C A S W)
X X
ﬂ_3x2—y

. dy .
Solving for — yields .
g dx Y dx 2x2 —x

. Assuming that y is a function of x, we seek

% given the relation 2x% - 3xy+ y2 =2.
x

We begin by differentiating both sides of the
relation with respect to the independent
variable x keeping in mind that y = y(x).

i(2x2 —3xy+y2) =i 2
—(2x )——(3Xy)+—(y )=

dx dy dy
ax—3 & +2
* (dxy d) ydx

4,
dx
0

We solve the last equation for ? obtaining
X

dy _3y—4x
dx 2y-3x

. Regarding y as a function of x, we seek ? given the relation (x — 2y)2 - xy2 =-2xy+4. We first
X

simplify the relation by expanding (x — 2y)2 and then writing the terms involving y on one side of the

equal sign obtaining 4y? — xy> —2xy =4 - x>
respect to x and simplify:

d . 2 2 d 2
L @y? -y —2x)=—(4-
dx( Yo —xy xy) dx( x7)

Ly L ty2 Ly = Ly L2
4 (y) dx(xy) 2dx(xy) dx(4) dx(x)

dy 2 dy) ( dy)
42 +x|2y—||-2fy+x—|=-2
( ydx) (y x( ydx ) Y xdx *

dy dy dy _ 2
8y——2xy——-2x—=y"+2y-2
dx v dx ! dx Y o
Solving the last equation for ? produces:
X

dy _ y2+2y—2x
dx  24y—xy—x)

. We now differentiate both sides of this last equation with
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9.

11.

3x% + 4y

Determine & if y = y(x) and we have the relation 5
dx 2x -6y

=x+)y.

Before differentiating we rewrite the relation as 3x2 + 4y=(2x— 6y2)(x +y) or
3x% + 4y = 2x? - 6xy2 +2xy— 6y3. Then we differentiate the left side and right side of the above relation.

%(?wz +4y)= %(2)62 - 6)cy2 +2xy— 6y3)

d 2 d d 2 d 2 d d 3
—@Bx)+—@y)=—2x")——(6 +—2xy)——6
dx( ) dx(y) dx( ) dx(Xy) dx( y) 7
bx+4L —ax—6y? — 120y D 1oy 4 e D182 Y

dx dx dx dx

2 _ 2 _
Solving for & gives ﬂ: 6y +22x 2y = 3y 2+x y .
dx dx  2x—18y" —12xy—4 x—-9y“ —6xy-2
It is also possible to differentiate the original relation (without clearing fractions). In that case we get the
.2 2 4
equally correct & = 2x +6;cy * lgy +4y2 T
dx  4Ax+12y° +18x"y—2x~ +12xy~ —18y

Since 4(1)> = (2)(1)+2(2)—3(1) =3 the point P = (2, 1) is on the graph of 4y> —xy+2x—3y=3.

given that 4y2 —xy+2x—3y=3. We differentiate both
x=2, y=1

We wish to determine the value of ﬂ
x

sides of the relation with respect to x, regarding y as a function of x:
d 2 d
— @y  —xy+2x-3y)=—33
RS N=
d d

d - d d
4L - L2 L3 L 24,
VT IR 0

d o ((d d d d _d
4— -l — +x —y|[+2—x-3—y=—73
o ((dx x)y x(dx J )) & Tl T d

4(2yﬂ)—(y+xﬂ)+2—3ﬂ =0.
dx dx dx
Solving the last equation for & yields & = L
dx dx 8y—-x-3
I . dy dy -1
Substituting 2 for x and 1 for y in — produces —| =—.
dx dxiy=p y=1 3
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13. Since ;+3 —4(()+ (—2))2 = -2 the point P = (1, -2) is on the graph of
H+(=2)
+3-4(x+ y)2 =—2. We wish to determine the value of ol given that
xX+y dx x=1, y=-2
1

15.

- +3-4(x+ y)2 =—2. We differentiate both sides of the given relation with respect to x regarding y
Xty

as a function of x:

d 1 2 d
— +3-4(x+ =—(2
dx(x+y (r+5) ) dx( )

4 Ay dayd 24
T3 -4 (4 9) ] = o (2)

Do) 2Lty - 4[2(x Lt y)] =0
dx dx
-1 d d d d
) (a“ay)‘g(“”(;“w)‘o

-1 ) @
(x+y)2(l+dx) 8(x+y)(1+dx) 0.

Solving the last equation for ? yields % =—1 for all x and y in the domain of the derivative. So, in
X by

=-1.
x=1, y=-2

. d
particular, @y
x

We first find the value of ﬂ

4 for the equation xy—x+3y=3. We differentiate both sides of the
X

x=1, y=1

equation with respect to x.

d d
L y—x+3y)=-—=@3
dx(xy x+3y) dx()

d d d d
E(x)’) - E(x) + 3(3}’) = 5(3)

y+x P _ 1+3 @ =0
dx dx
Solving for L yields L = I—_y
dx dx x+3
So ? =0. Since at (1, 1) the slope of the tangent line is 0 we know that the equation for the
Xlx=1, y=1

tangent line is y = 1.
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17.

19.

21.

23.

We first find the value of %
x

x=-1, y=1

.X
for the equation =
2x+3y

2 2
+)
—2x.

We differentiate both sides of the equation with respect to x.

2 2
i{u) _d Ly

=-1.

dx 2x+3y - dx
@x+3y) § 67 +y7) - (P +y) f@et3y)

2x +3'y)2
Qe+3p[h e+ oD]-02 e Fen+dey] )

2x+ 3y)2

4 d

ereanfrr v g)-6P 23R
(2x +3y)?
2 2
solving for L yields dy _10x 2+ 30xy+162y .
dx dx 3x? —4xy -3y

x=—1, y=1

We can now find the equation for the tangent line at (-1, 1).

y—l==-1(x+1)or y=—x

First we solve x’ +y2 —2x+4y=4 fory.
y2+4y=4—x2+2x
(y+2)? =8—x% +2x

y=—2i\/8—x2+2x

Because the darkened portion is the bottom half of the circle, we get y=-2-+v8— x% +2x.

First we solve 2x2 —10xy+4y2 =3 for y.
Using the quadratic formula for
4y% —10xy +2x% =3 yields

. Sx+17x% +12

4
Because the darkened portion is the upper
portion of the hyperbola, we get

. 5x+17x% +12

4

We assume that x° + y2 # 0 and then simplify

X
5 2:4.
X +y

X
7 =4
X +y
2,.2_X
X“H+y ==

YTy

2
1 2 1
x—=| +y"=—
( 8) Y T
This is the equation for the circle with center

(%, 0) and radius % (except for the point
(0, 0)).

25. Using implicit differentiation with respect to x

on 4x% +4y> —x =0 yields
(4x% +4y? — x)’ = (0Y
8x+8yy'—1=0.

. 1-
Solving for y” we get y’ = 8—8x(y #0).
y

_ 2 2
To show 1-8x is equivalent to Y we
8y 2xy
set them equal to each other and simplify:
1-8x y2 —x?
8y 2xy
1-8x y2 —x?
4 X
x—8x2 = 4y2 —4x?
x= 4y2 +4x2
X
724
xX“+y

and this equation holds for all (x, y) on the
curve.



27.

Section 2.4 Implicit Differentiation 17

We differentiate with respect to x to find the

slope of the tangent lines of x? - y2 =g,
obtaining & =z

dx 'y
Similarly, we get the slope of the tangent lines

of xy = d, obtaining & =Y These two
dx  x
slopes are orthogonal.
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29. a. Assuming that y = y(x), find % given the relation 2xy3 +x2y2 —3y+x =1. We differentiate both
sides of the above equation with respect to x:
Qxy® +x2y% =3y +x) = (1)
Qxy>Y +(x%y%) = GyY +(x) = (1Y
20y + 1)) + ()Y + 20 =300 + X = (1)
2(y3 + 3xy2y') + 2)cy2 + 2x2yy’ -3y"+1=0.
dy 1+ 2)cy2 + 2y3

Solving the last equation for y’ = & we obtain y’'=-—“—=——"5——>-—.
dx dx 3-6xy° —2x"y

b. Assuming that x = x(y), find ? given the relation 2xy3 +x2y2 —3y+x=1. We differentiate both
y
sides of the above equation with respect to y:
Qxy +x%y? =3y +x) =)
@) + (Y)Y =Gy + () = (1)
20y + X))+ ()Y 42207 =300+ X = (1)
2(x’y3 + 3xy2) + 2xx'y2 + 2x2y -3+x"=0

2 2
. . . - -2
Solving the last equation for x’ = % we obtain x” = ax = 3-6ny —2x'y

x dy 1+2)cy2+2y3 '
-1
c. From parts a and b, it is clear that (ﬂ) = & and so b dx =1. To explain this relationship
dx dy dx dy
between & and ? graphically we consider two near-by points, say (xj, ¥;) and (x;, ¥,), on the
Y

curve described by 2xy3 +x2y2 —3y+x=1. Then we have
& A _ Y=y g A _nox
dx  Ax xp-x dy Ay yy-y
Again, we see that Ay dx =1.
dx dy

31. a. The ellipse x? - xy+%y2 =7 crosses the x-axis when y = 0 and the y-axis when x = 0. If y = 0, then
the equation becomes x* =7 and so x=++7. If x = 0, then the equation for the ellipse becomes

%yz =7 and so y== ? = iZ\E. Hence, the ellipse crosses the coordinate axes at (++/7,0) and
022)
3

b. We seek points on the graph of P xy+% y2 =7 where the tangent line is horizontal. That is, we

seek (x, y) so that % =0. To compute ? we first differentiate both sides of x> — xy+ %yz =7
by by

with respect to x:
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d( 5 3 2) d
L - N e I
dx(x W )ERD

d. 2 d d(32)_4d
dx(x) dx(xy)+ (y) d(7)

dx \ 4
d 2) d
il =27
(dxy dx()

d 2 (4 a4
dx @) ((dxx)y+x(dx y))+

_ Ay ), 3(,, D)
2x) ((1)y+xdx)+4(2y dx) 0.

X
3
4

. . 2(y-2 .
Solving the last equation for L we have L2 = M We see that L =0 at points on the
dx dx  3y-2x dx

ellipse where y = 2x. If y = 2x, then substitution into the equation for the ellipse yields the equation

2x? =7. Hence, the ellipse has horizontal tangent lines at (\g, ZXE) and (—\g, —ZXE}

dy _2y-2)

fails to exist at points on the ellipse where y = Zx. If y= %x, then
dx  3y-2x 3 3

c. The derivative

the equation for the ellipse becomes 2x? =21. Hence, the ellipse has vertical tangent lines at the
. 21 2 |21 21 2 [21
points —, = J—|and |- |—, —=.]— |
2 3V2 2 3V2

Section 2.5 Trigonometric Functions

1. Find % if y =sin(2x+3). We begin by decomposing y =sin(2x + 3) into composition chain:
by

y=sinu
u=2x+3.
We then have

& =(sinu)’ = cosu
du

du
S=(2x+3) =2
7 (2x+3)

X
By the chain rule,
& _dydu
dx du dx

= (cosu)(2).

Substitute u =2x+3 into the last expression to get ? =2cos(2x +3).
X
3. Find f'(¢t) if f(t)= tan(3t2 —4t+1). We use the chain rule.
/() = (tan(3t% — 4t + 1)y’
=sec?(3t> — 4t +1)3t2 — 4t +1)
= (6t — 4)sec’(3t% —dt + 1)
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5. Find f'(x) if f(x)=—3%

ooy _[_cosx ’
rr=(-<2)
_ (cosx) x—(cosx)(x)
- 2
X
__ (—sin x)x — (cos x)(1)
x2
_x sin x + cos x
x2

. By the quotient rule,

7. Compute T7(0) if T(6)= tanG +Z) If f(0)=tan@ and g(0)= %, then T(0) = (fg)(0)= f(g(0)).

We next find
f(0) = (tan6)’
=sec? @
and
0 =(10)
g(&—(l_e)
_ 1+6)Y(1-6)—-1+6)1-6)
(1-6)
_((1-6)-(1+6)(-])
(1-6)°
_ 2
(1-0*
Hence, by the chain rule,
T'(0)=(f°8)(0)=f"(g(0)g’(6)
= (sec” g(6))g'(0)

( 2(1+9)) 2
=|seC | —||——=.
1-6))(1-06)
9. Find f'(x) if f(x)=2sin(x>+1). If g(x)=2sinx, and h(x)=x>+1 then f(x)=g(h(x)).

We next find g'(x)=2cosx and h'(x)=2x
Hence, by the chain rule,
f/(x) = g"(h(x))(h'(x))

=2cos(x” +1)(2x)

=dxcos(x? +1).




