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is as a function of time t, we can eliminate the parameter t in the parametric equa-
tion (2). Letting the coordinates of r (t) in (2) be

x = 30 — 40t
y = 40 — 30t,
we first solve either of these equations for t. From the first equation,

_30-x
40

t

Next, we substitute this result into the second equation. This gives

30—x>=3 70

=40 — —X +
y =40 30( 20 4x 2 3)

Alternatively, recalling that we were given two points (x;, y1) = (30,40) and
(X2, ¥2) = (10, 25) on the path of the meteorite, we may use the two-point form

IRV Rl | YV
Y= % Xz_xl(x X1)

of aline to obtain equation (3).

Describing Motion on a Circle

INVESTIGATION

Describing the Motion of a
Slider-Crank Mechanism

Figure 3.29(a) shows the dider-crank mechanism with which we began this chapter.
The circle traced by the point P at the end of the crank (length 5 cm) can be de-
scribed as the graph of the equation x* + y? = 5. This describes the circular path
well but does not tell where the pin P is at a given time.

Given that at t = 0 the pin was at the point (5,0) and is moving counterclock-
wise on the circle at 1 radian per second, it follows that after t seconds the angular
displacement of the crank will be 6(t) = t radians. From (7) in Section 3.2, a posi-
tion vector of thepin P is

r(t) = (x(t), y(t)) = (5cost,5sint) = 5(cost,sint). (4)

y

r(t) = (5cost, 5sint)

X
5cm

r(4) ~ (-3.27, —3.78)
P _/
(b)

FIcure 3.29 The location of the pin a P as afunction of timet.
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From (4), the position of the pin P at any time t can be easily calculated. For
example, at t = 4 seconds the position of the pinis
r(4) = 5{(cos4,sin4) =~ (—3.27,—3.78).

Figure 3.29(b) shows the position vector r(4).
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FIGURE 3.30 The position vector r of a point
on the Ferris wheel, expressed as the sum of a
constant vector h and a vector w that varies
with 6.

Eliminating the Parameter The equation x* + y? = 5% describing the circle
on which the pin P moves can be recovered from the parametric equation (4) by
eliminating the parameter t. Letting x = 5cost and y = 5 sint, note that

x? + y? = 5% cos’t + 5% sintt = 5%,

for al t.

EXAMPLE 3 Asof July 1997, the world’s tallest Ferris wheel wasin
Osaka, Japan. See Fig. 3.30. The distance from ground level to its highest
point is 112.5 meters and the wheel itself has a diameter of 100 meters. One
revolution takes about 15 minutes. Describe the motion of the wheel with a
parametric equation and find the maximum speed at which a passenger
moves directly downward.

Solution

The center of the ferris wheel will be 50 meters below the high point; hence,
a position vector of the center will be h = (0,62.5). We “track” a

passenger P on the wheel who, at timet = 0, was directly to the right of the
center point. Temporarily regarding the center of the ferris wheel as the
origin and recalling (7) from Section 3.2, the position vector of P after

t minutes will be
2mt\ . [ 2«t
w = 50<COS<E>’Sn<E>>'

The factor 277/15 comes from the fact that the wheel revolves 2+ radiansin
15 minutes. We have assumed counterclockwise rotation.

Figure 3.30 shows that the position vector r = r(t) of P at any timet is
the sum of the constant vector h and the vector w with constant length but
variable direction, that is,

2mt\ . (2wt
r(t) =h + w=1(0,625) + 50<COS<E>,s|n<E>>

2t . [ 2wt
- 5+ =)
<5OCOS<1 ),625 505m< 15>>
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We can find the vertical speed of the point P by differentiating the
y-coordinate of r = r(t) = (x(t), y(t)). From

27t

y(t) = 62.5 + 50 sm<E>,

0 — 50( 27 oo 27) — (207 oo 27
y(t)—50<15)cos<15> (3)005(15>.

Because for all t, cos(2nt/15) is between —1 and 1, the largest value of the
speed | y'(t)| is 207r/3 meters per second. This happens at t = 0, when cosine
is 1 and P is moving upward, and next at (27/15)t = a, when cosineis —1
and P is moving downward. Hence, the maximum speed directly downward
is 207r/3 = 21 meters per minute.

q Exercises 3.3

Exercises 1-6: Arocket sled ismoving in a flat desert. e suppose
that a coordinate system has been superimposed on the desert, rela-
tive to which the coordinates of the dled at t = 0 are (Xo, o). We
assume that the sled was headed in the given direction at the given
speed. Find its position vector r (t) = (x(t), y(t)) at any timet. Cal-
culate its position at time t;. Sketch the path for 0 =t = t;.
Lengths are in kilometers and time isin hours.

1. (X0, ¥o) = (0, 1); 60° east of north; speed 200 kilometers per
hour; t; = 0.001

2. (Xo,Yo) = (—1,0); 45° east of north; speed 180 kilometers
per hour; t; = 0.002

3. (X0, Yo) = (—5,3); 20° west of north; speed 225 kilometers
per hour; t; = 0.001

4. (Xo,Yo) = (5, —4); 10° north of west; speed 210 kilometers
per hour; t; = 0.003

5. (X0, Yo) = (—4.5,3.2); 10° south of east; speed
190 kilometers per hour; t; = 0.001

6. (X0, Yo) = (0.5, —4.6); 10° west of south; speed
200 kilometers per hour; t; = 0.002

Exercises 7—12: A meteorite enters the Earth’s atmosphere, mov-
ing on a straight line lying in a vertical plane, with the x-axis as
the horizon. Its position was recorded at two times. Find its speed
and its position vector r(t) = (x(t), y(t)) at any timet before it hits
the Earth. Determine where and when it hits Earth. Lengths arein
kilometers and timeis in seconds.

7. (50, 40) first sighting; (50 — 20V/3, 20) second sighting,
5 seconds later

8. (60,30) first sighting; (48,30 — 12/3) second sighting,
3 seconds later

9. (35,30) first sighting; (35 — 161/2,30 — 161/2) second
sighting, 4 seconds later

10. (—40,55) first sighting; (—40 + 24V3, 31) second
sighting, 6 seconds later

11. (90.2,52.7) first sighting; (49.5, 3.3) second sighting,
8 seconds later

12. (—9.9,65.1) first sighting; (15.9, 34.5) second sighting,
5 seconds later

Exercises 13—16: An object is moving on a path described by the
parametric equation. Eliminatet to find an equation in x and y de-
scribing the path along which the object is moving. Then sketch the
path and draw the position vector r(t,).

13.r() = (5,2 +30,0=t=1t=1/2
14.r(t)=(4t—-1)i —(1+3)),0=t=2,t; =1

15. r(t) = (3cost,3sint),0 =t = 2m,t, = 7/2

16. r(t) = (2cost)i + (2sint)j,0 =t =27, t; = 37/2

Exercises 17—22:; Find the position r (t) of the object at any time t
for the described circular path. Sketch.

17. An object P moves counterclockwise from (5, 3) at 2 radians
per second on acircle of radius 2 and center (3, 3).

18. An object P moves counterclockwise from (14, 5) at
3 radians per second in acircle of radius 4 and center (10, 5).



