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Ficure 3.1 The flow of afluid on a plane.

\ectors

In Section 3.1 we studied the motion of objects along aline. In this section and the
next we prepare to study motion in a plane or in space. Motion in more than one
dimension is most easily described and studied using vectors.

While physical or geometric quantities like mass, speed, and length can be de-
scribed with a single, positive number, quantities like force, velocity, or displace-
ment, which have both magnitude and direction, cannot be so described. To model
such quantities we use vectors, which are often represented graphically by arrows.
We start with this idea.

Figure 3.11 is intended to suggest a fluid flowing with constant speed and di-
rection on a horizontal plane during a one-second time interval. The figure both
gives a qualitative impression of motion and, if we look more closely, shows a flow
in which during the one-second time interval each fluid particle moves the equiva-
lent of four centimeters in the positive x-direction and three centimeters in the posi-
tive y-direction. (Note: The marks on the axes are four centimeters apart.) The arrows
show the displacements of several particles of the fluid during the one-second time
interval. Because the flow is uniform, al of the arrows have the same length and
direction.

We focus on the particle initialy at A, with coordinates (—8,4). After one sec-
ond, this particle will have been displaced to B, with coordinates (—8 + 4,4 + 3) =
(—4,7). We i&ecri be this displacement with the notation AB. Also, shown isthe dis-
placement CD of a particle with initial point (4, —12). The termina point D has
coordinates (4 + 4,—12 + 3) = (8, —9). Although AB and CD represent the dis-
placement of different particles, they are the same in that they have the same length
and direction. The distance traveled during one second by each fluid particle is
V3% + 4% = 5, and each moved in the direction § = arctan(3/4) = 37°. The arrow
or vector r illustrating this common length and direction is shown in the zoom-view
at the bottom of the figure.
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FIGURE 3.13  Equivalent vectorsa, b, and r.
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Equivalent Vectors; Length and Direction of a Vector

Figure 3.12 shows a vector AB from (initial point) Ato (terminal point) B and avec-
tor CD from C to D. We say that these vectors are equivalent if they have the same
length and direction. Using the notation in Fig. 3.12, vectors AB and CD are equiver
lent if

bh—a=d —¢

If these two conditions hold, it follows that the lengths and directions of AB and CD
are equal.

Figure 3.12 aso shows the vector r with initial point at the origin and ter-
minal point (x,y), where x =£1 —a,andy = b, — a,. This vector is the smplest
of the vectors equivalent to AB. The vector r is determined by the two numbers x
and y, which are called coordinates of r. We denoter by

F={xy).

Because r = (x,Y) gives the position of the point (x,y), it is often called a position
vector.

The length and direction of any vector AB equivaent to r = (x,y), where
XxX=b —aandy=Dhb — a, aethe sameasthe length and direction of r. Hence,
we may calculate the length and direction of AB in terms of x and y.

ad b,—a=d,—c. M

Length and Direction of a Vector

Let r = (x,y) be avector from the origin. The length of r, and of any vec-
tor equivalenttor, is

Irll = [k )l = Vx2 + y2 )
The direction of r = (x,y), and of any y
vector equivalent to r, is the angle 6
through which the positive x-axis must be
rotated counterclockwise to align with r. r=&y x|
If r = (0,0), we assign no directiontor. \
See accompanying figure. Y /\0

L X
il = V2 +y?

The length |r || and direction 6
of arepresentative vector r.

We shall often denote a vector from an initial point P to a terminal point Q by
a single boldface letter such as a rather than PQ Figure 3.13 shows, for example, a
vector a from (—3,4) to (1, 2).

EXAMPLE 1 Figure 3.13 shows vectors a, b, and r. Show that these
vectors are equivalent. Calculate their common length and direction.
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(b)

FIGURE 3.14 (@) Adding vectors by applying
the parallelogram law; (b) adding position
vectors a and b arithmetically.

Solution
The vectors a, b, and r are equivalent because, by applying (1),
1-(-3)=4-0=4-0=4 and
2-4=-4—-(-2)=-2—-0= -2

The common length and direction of these vectors are the length and
direction of the position vector r = (4, —2). Thelength of r is

[r]l = V4% + (=22 = V20 = 4.47.

The direction of r isthe angle 6 shown in Fig. 3.13. Perhaps the easiest way
to calculate 0 is to calculate the acute angle 27 — 0 shown in the diagram at
the bottom of the figure. The tangent of thisangleis2/4 = 0.5. Hence

0 = 27 — arctan 0.5 = 27 — 0.46364- - - = 5.8.

Vector Addition and the Parallelogram Law

Vector addition can be motivated by aphysical experiment. Consider two forces act-
ing at a point O of the plane. Figure 3.14(a) shows these forces as the vectors oP
and OQ The lengths of the vectors are proportional to the magnitudes of the two
forces, and their directions are the same as those of the two forces. It can be shown
by experiment that the combined effect of the two forces acting at O is equivalent to
the single force correspond| ng t to the vector OR which is the diagonal of the paral-
lelogram with sides oP and OQ This is sometimes called the parallelogram law.

The vector addition OP + OQ shown in Fig. 3.14(a) is based on the physical/
geometric parallelogram law. For most applications involving vector addition it is
more convenient to form the sum OP + OQ arithmetically. We do this by defining
the sum a + b of the position vectors a and b equivalent to OP and OQ We show
that this definition is consistent with the parallelogram law by showing that a + b
is equivalent to the vector OP + OQ

Vector Addition

The sum of the vectors a = (a;, a,) and b = (b,, b,) is the vector

a+b={(a,a) + (b,b) =<(a, + b,a + by. (3)

Figure 3.14(b) gives a geometric interpretation of this definition. Letting ¢ be
the diagonal vector of the parallelogram formed by a and b, note that the sum of the
segments with lengths a; and b; is equal to the segment of length c,, where ¢, isthe
first coordinate of c. Similarly, the sum of the segments with lengths a, and b, is
equal to the segment of length c,. Thus,

c={(C,C
=(a; + b,a, + by
= (ay,b) + (@, ) =a+b.

Hence, adding position vectors by applying (3) is consistent with adding vectors oP
and OQ in Fig. 3.14(a) by applying the parallelogram law.
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EXAMPLE 2 Cadculate the sum of vectors (4,1) and (4, —5).

X Solution
From the definition of vector addition,
(4,1) + (4,-5 =4+ 4,1+ (-5)) = (8, —4).

Figure 3.15 shows the given vectors as well as their sum. The vector (8, —4)

Feuse .15 Adding position vectors. isadiagonal of the parallelogram determined by (4, 1) and (4, —5).

The consistency mentioned earlier of the physical/geometric sum
OP + OQ and the arithmetic sum a + b of position vectorsa and b
equivalent to OP and OQ tends to blur the distinction between equivalent
vectors and equal vectors. For example, suppose that the points O, P, and Q
in Fig. 3.14(a) have coordinates (04, 0,), (p1, P2), and (g1, q,). How can we
calculate the coordmate; (ry,rp) of Rin terms of the coordinates of O, P, and

Q?If we write OP=(p.— 0, p — 0p), oQ = =({th — 01,0, — 0y, and
OR = {r, — 04,1, — 0y), then because OR= OP + OQ

(1= 01,12 = 0) =(pL— O, P2 — 0x) + (s — 01,0 — O
=(p+ G — 20, P> + G — 20,).
Hence, the coordinatesr, and r, of R are
n=p+tot—0
r2= pz + q2 -

y EXAMPLE 3 Let OP and ?Q be vectors, where the points O, P, and Q are
(1,3), (4,1), and (3,4). See Fig. 3.16. Calculate the length and direction of
the sum OR = OP + OQ. Also, calculate the coordinates of R.

0(L3) Solution

The sum of vectors Cf’ and C?Q can be found by adding position vectors a
and b equivalent to OP and OQ The sum a + b has the same length and
direction as the vector OR. From Fig. 3.16,

a=(4-11-3=(,-2 ad b=(3-14-3) =(21).

From the definition of vector addition,
a+b={3-2)+21={G,-1.

FicURe 3.16  Adding vectors. .
This vector is equivalent to the vector OR and, therefore, has the same length

and direction. It follows that
IOR| = V& + (—1)? = V/26.
The direction 6 of OR can be found as in Example 1:

0 = 27 — arctan(1/5) = 6.09.



206  CHAPTER 3 MOTION, VECTORS, AND PARAMETRIC EQUATIONS

(b)

FIGURE 3.17 (&) Vector addition interpreted as,
for example, two forces acting at asingle
point; (b) vector addition interpreted as the
sum of successive displacements.
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FIGURE 3.18 Multiplying a vector r by scalars
0.5, 2, and —1.

The coordinates r; and r, of R can be found from the fact that ORis
equivalenttoa + b = (5, —1), which meansthatr; — 1 = 5 and
r, — 3 = —1. Hence, the coordinates of R are (6, 2).

Figure 3.17(a) shows a graphical representation of the sum of a and b, with
thetailsof a, b, and a + b at the same point. In Fig. 3.17(b), the vectors labeled a,
b, and a + b are equivalent to the vectorsin Fig. 3.17(a), but a and b are arranged
“tip-to-tail.” Thisis useful if, for example, a and b represent successive displace-
ments of an object. With this interpretation, the sum a + b represents a single dis-
placement, equivalent to first displacing an object from P to Q and then from Q to
T.Thesuma + bisalso equivalent to first displacing an object from P to Rand then
fromRtoT.

Scalar Multiplication

When we work with both vectors and real numbers in the same context, real num-
bers are often called scalars.

Scalar Multiplication

The product of ascalar sand avector r = (x,y) is

g =SXY) = (X 8Y). 4)

Figure 3.18 shows a vector r and several scalar multiples of r.
Because

st = [ksx sy)l| = V&% + s°y?
= [slVx2 +y2 =3 |rll,

the length of the vector sr is|g times the length of r. If s> 0, the vector sr points
in the same direction asr; if s < 0, sr points in the opposite direction.

Subtracting Vectors

The difference a — b of the vectors a = (a;,a,) and b = (b,,b,) is the vector
a + (—1)b. Hence,

a—b={(a,a) + (-1 (b, by
= (ay,ay + (—by, —by) = (& — by,a, — by.

Figure 3.19(a) shows vectors a, b, (—1)b, and a + (—1)b. Adding the vectors
a and (—1)b by the paralelogram law gives the vector a + (—1)b = a — b. From
Fig. 3.19(a), it isclear that the vectorsa + b and a — b are the two diagonals of the
parallelogram formed by the vectors a and b. Fig. 3.19(b) shows both the sum and
difference of the vectorsa and b.

®)



FIGURE 3.20  The sum and difference of
vectors a and b are the two diagonals of the
parallelogram formed by a and b.
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FIGURE 3.21 WTriting vectors (2, 3) and
(=2, —1) interms of the vectorsi and .
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(b)
FIcUre 3.19 The sum and difference of vectors a and b are the two
diagonals of the parallelogram formed by a and b.

EXAMPLE 4 Ifa=(3,—4)andb = (2,5), calculate||all, a + b, a — b,
and —2a + 7b. Sketch the vectorsa, b, a + b, anda — b.

Solution

la| = VZ + (—42=\V25=5
a+b=(3 -4+ (25 =(5,1)
a—b=(3-4) - (25 =(1,-9
—2a+ 7b = —23,—4) + 7(2,5) = (—6,8) + (14,35) = (8,43).

Figure 3.20 shows the vectorsa, b, a + b, anda — b.

The i and j Vectors

The simple vectorsi = (1,0) and j = (0, 1) provide an alternative way to express a
vector. If r = (x,y), then

r=&y =0 +0y =x10) + ¥0,1) = xi +yj. (6)
Thus we see that the vectors(x, y) and xi + yj are different ways of writing the same
vector. The xi + yj notation is widely used in engineering and physics.

Figure 3.21 shows the vectorsi and j. Also shown are the vectors
(2,3) = 2(1,0) + 3(0,1) = 2i + 3
and

In what follows we use either {(a;, a,) or a;i + a,j for avector a.

EXAMPLE 5 Figure 3.22 shows the forces a and b exerted by two
tugboats on a coa barge. The magnitudes of these forces are

|all = 90 kilonewtons (approximately 10 tons) and ||b|| = 70 kilonewtons
(approximately 8 tons). Find the magnitude and direction of the resultant
force on the barge, that is, the vector sum of the forces a and b.
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c=|lall sin35° p = Ilbl| sin20°
d = ||al| cos35° g = |Ibl| cos20°

Ficure 3.22 Forcesa and b on a barge.

Solution

It is natural to think of the barge and the two vectors a and b in a coordinate
system whose origin is at the point on the barge where a and b act, and the
positive x- and y-axes extending to the right and upward, respectively. Thei
and j vectors will be as shown at the extreme left of Fig. 3.22. The vectors a
and b are shown separately in the center of Fig. 3.22. Thesidesc, d, p, and g
of the triangles can be calculated using right-triangle trigonometry. Adjusting
the signs to fit the directions of a and b,

a=—c +d
b=p + q.
Hence,

r=a+b
=—ci+d +pi+qg=(-c+pi+d+Qg)j
= (—90sin35° + 70sin 20°)i + (90 cos 35° + 70 cos 20°)j
~ (—27.68)i + 139.50;.

The length or magnitude of the resultant force is

V(—27.68)? + (139.50)2 = 142.22 kilonewtons.

Referring to the sketch on the extreme right of the figure, the direction 6 of
the resultant force is

9 = 180° — arctan(139.50/27.68) ~ 180° — 78.78° = 101.22°.

Unit ectors

A vector u isaunit vector if |[u]| = 1, that is, if the length of u is 1. Given a vector
r # 0, aunit vector u in the same direction asr is

U=
Il
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FIGURE 3.23 Corresponding to the angle 6 are
the point (cos 6, sin 6) on the unit circle and
the unit vector u = (cos 6, sin 6).
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FIGUrRe 3.24  The displacement a of an object
from (x,y) to (X, ).
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For example, if r = (4, —3), then|r|| = V16 + 9 = 5and

1 1
u ir ||r 5 (4,—3) = (4/5,—3/5).
It is easy to check that ||u]| = V/(4/5)? + (—3/5° = 1.

To find a unit vector in agiven direction, we use the standard definition of sine
and cosine. Referring to Fig. 3.23, suppose we want to find a vector in the direc-
tion 6. If we place an angle 0 in standard position (vertex at the origin and initial side
along the positive x-axis), then the coordinates of the point of intersection of the ter-
minal side of the angle with the unit circle are (cos 6, sin 6). Hence, the position vec-
tor u = {cos 0, sin ) has unit length and direction 6.

Unit Vector in a Given Direction
A unit vector u in the direction 6 is
u = {cos §,sin 0). (7)

EXAMPLE 6 Find aunit vector in the direction § = 57r/6 or 150°. Also,
find a vector F with length 3.5 and direction 6 = 0.3.
Solution

Figure 3.23 shows an angle 6 = 150°. From (7), a unit vector in this
direction is

u = (cos 150°,sin 1509 = (—\/3/2,1/2).

To find the vector with length 3.5 and direction 6 = 0.3, we find a unit
vector u in this direction and then multiply u by 3.5.

u = (cos0.3,sin 0.3) = (0.95534, 0.29552).
Multiplying this vector by the scalar 3.5,
F = 3.5u = (3.34368, 1.03432).

As a check, note that ||F|| = \/3.34368% + 1.03432% ~ \/12.25001 ~
3.50000.

Displacements The displacement of objects along a line or in a plane is
often described by vectors. If an object at the point (x,y) is displaced a distance r
and in the direction 6, we may describe this displacement by the vector
a = (a;,ay) = r{cos 0, sin #) having magnitude r and direction 6. The coordinates of
the object after displacement are (x + a;, y + a,). Figure 3.24 shows a representa-
tive displacement a and shows how the “after” coordinates (X, Y) of the object may
be calculated from its “before” coordinates (x,y). If (x,y) and (X, Y) are the position
vectors of the object before and after displacement, then directly from the figure we
see that

XY) =Xy + a
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If an object is subject to successive displacements, the coordinates of its final
position can be calculated by adding the several displacement vectors to obtain a
single, equivalent displacement.

y EXAMPLE 7 A hot-air balloon was first sighted at a point with map
coordinates (—4, 1), where distances are measured in kilometers. Assuming
that the balloon maintains its altitude and the prevailing breeze displaces it
by the vector w = (3,5), what isits final position?

Q L8 Solution

Figure 3.25 shows the balloon at itsinitial position (—4, 1) and the
(4,1 displacement vector w = (3, 5). The coordinates (X, Y) of the final position
(-4,1) ——— X of the balloon satisfy

XY)y=(=4,1) +w=(—4,1) + (3,5 = (—1,6).
Hence, (X,Y) = (—1,6).

FIcURe 3.25 The displacement a = (3,5) of an
object initialy at (—4,1).

We summarize the properties of vector addition and scalar multiplication. Each
of these can be proved from the properties of real numbers and the definitions of
vector addition and scalar multiplication. See, for example, Exercises 48 and 49.

Properties of Vector Addition and Scalar Multiplication
Let 0 = (0, 0) be the zero vector. For vectors a, b, and ¢ and scalars p and

ql
1. a+b=b+a 5. la=a
2. at(b+og=(@+b)y+c 6. (ptga=pa+ga
3. a+t0=a 7. (pg)a = p(qa)
4. a+ (—a)=0 8. pla+h)y=pa+pb
q Exercises 3.2
Exercises 1-6: Show that PO and ST are equivalent, find a posi- 5. P(-25,3.0),Q(-08,1.1),S(0.0,-1.3), and

tion vector r to which both are equivalent, and calculate the com- T(1.7,-32)
mon lengths of these vectors. Sketchr, PQ and ST 6. P (25,09), Q (1.1, ~0.3), S(2.3,~2.2), and T (0.9, —3.4)

1.P(1,1),Q(4,-1),S(7,5),and T (10, 3)
Exercises 7-10: Find a + b. Use these vectors and their sum to
2.P(-1,-2,Q(=4-1),5(5-1),and T (2,0) illustrate the parallelogram law.

3.P(3,—-2/3),Q(5,-2),S(—6,16/3),and T (—4,4) 7. a=(2,5adb = (52
4. P (3,10),Q(1,4),S(—=2,-5),ad T (—4, —11) 8.a=(2,6)andb = (4,1)



9.a=(-3,3)andb = (1,4)
10. a=(—-3,—3)and b = (1,-5)
Exercises 11-14: Find a position vector equivalent to

OR = OP + 00. Also find the coordinates of R. Sketch OR, OP,
and OQ.

nN.0=(11),P=(42),Q0=(27)
12.0=(-1,-2),P = (4,1),Q = (5,5)

13. 0 = (-25,3.0), P = (-0.8,1.1), Q = (0.0,3.3)
14. 0 = (2.5,0.9),P = (1.1,-0.3),Q = (2.3, -2.2)

Exercises 15—22: Calculate||all, a + b, a — b, and ha + kb.
15.a=(5-12),b = (1,4, h=1,and k = 2
16.a=(—24,7),b = (2,—1),h=2,andk = 1

17.a= —4i—5,b=3i—2j,h=—-2k=1
18.a=i+j,b=4i—7,h=-2k=2

19. a=(1,6),b =(1,—4),h=05k= —-05

20. a=(—1/3,2/5),b = (2/3,-3/4),h= 1, k= 2
21.a= 15 — 24j,b=03i + 2.2j,h= 1.6,k = —3.4
22. a= —115i — 124j,b = 9.6i + 5.9),h= 05k = —-0.7

Exercises 23—-28: Find a unit vector in the direction 6.

23. 0= 7w/6 24. 0= 7w/3
25. 0 = 210° 26. 0 = 240°
27. 0=5.0 28. § =45

29. The mass of the (plastic) stoplight in the figure is
approximately 4.5 kilograms. Due to the Earth’s attraction,
the stoplight exerts a vertical force of 44.1 newtons at the
point where the cables are attached. Find the forces the
cables exert on the stoplight. Hint: The resultant of the cable
forces must be equal and opposite (in direction) to the force
of 44.1 newtons.

75° 1 70°

©®Q<

Figure for Exercise 29.

3.2 vectors 211

30. Asshown in the figure, atightrope walker has reached the
middle of a stretched cable, resulting in a vertical force of
700 newtons at the center point. Find the forces the cables
must exert to balance the performer. Hint: The resultant of
the cable forces must be equal and opposite (in direction) to
the force of 700 newtons.

Figure for Exercise 30.

31. Because of bears, two campers have suspended their food
pack from ropes attached to two trees, as shown in the
figure, resulting in a vertical force of 200 newtons on the
rope. Find the forces the ropes must exert to balance the
food pack. Hint: The resultant of the rope forces must be
equal and opposite (in direction) to the vertical force of
200 newtons.

250

]71°

)

Figure for Exercise 31.

32. What force F will just balance the forces A, B, and C shown
in the figure, where the magnitudes of these forces are
300 newtons, 350 newtons, and 500 newtons and the angles
they make with the dotted line are 30°, 25°, and 20°,
respectively?

Figure for Exercise 32.

33. Letr = (3,5). Find avector in the same direction as r but
with length 8.
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34.

35.

36.

37.

38.

39.
40.

41.

42.

43.

44.

45.

46.

Let r = (3, 2). Find avector in the same direction as r but
with length 7.

Let A B,andC bt;the points (1,4), (2, GLmd (—1,3).Find
apoint D so that CD istwice aslong as AB and in the
opposite direction.

Let A, B, and C be the pomts( 3,1), (3, 4) and (5, 3).
Find a point D so that CcD istwice aslong as AB and in the
opposite direction.

LetP = (3,4),Q = (8,6),and S= (5,7) be pointsin a
plane. Find the coordinates of the fourth vertex of the
parallelogram whose sides are PQ and PS.

LetP=(1,-3),Q=(—-1,-5,andS= (4,—2) be
pointsin a plane. Find the coordinates of the fourth vertex of
the parallelogram whose sides are PQ and PS.

Find the coordinates of an object that has been displaced
from the point (—4, 9) by the vector (4, —5).

Find the coordinates of an object that has been displaced
from the point (0, 4) by the vector (—2, —5).

Find the coordinates of an object that has been displaced
from the point (5, 5) a distance of 10 units and in the
direction 6 = 30°.

Find the coordinates of an object that has been displaced
from the point (0, —7) adistance of 13 units and in the
direction 6§ = 135°.

An object at (0, 4) isdisplaced to Q by 2i + 5j and then to
T by —12i + 13j. Calculate the single equivalent
displacement and the coordinates of T.

An object at (—4,9) isdisplaced to Q by (—4, —5) and then
to T by (1, 1). Calculate the single equivalent displacement
and the coordinates of T.

Find the coordinates of the object initialy at (1, 1) and
subjected to successive displacements a, b, and ¢, where the
magnitudes and directions of these displacements are 10, 5,
and 7 and 330°, 60°, and 180°, respectively.

Find the coordinates of the object initialy at (—10, 15) and
subjected to successive displacements a, b, and ¢, where the
magnitudes and directions of these displacements are 12, 5,
and 15 and 80°, 170°, and 280°, respectively.
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47.

48.

49.

50.

51.

Find a position vector r parale to aline with lope m. What
is the slope of aline parallel to the vector (a, b), where
a# 0?

Show that if aisavector and p and q scalars, then
p(ga) = (pg)a. Hint: Let a = a;i + ayj.

Show that vector addition is associative: If a, b, and c are
vectors, thena + (b + ¢) = (a + b) + c. Hint: Let
a= (a;, &), b = (b, by), and c = (cy, Cy).

The distance and bearing of Site A on the other side of a
lake from Base Camp are required. Measuring all bearings
counterclockwise from the positive x-axis, a survey team
travels 10 km from Base Camp to Station S1 on a bearing of
30°; 15 km from S1 to S2 on a bearing of 110°; and, finally,
12 km on a bearing of 160°. Determine the distance and
bearing of Site A from Base Camp.

y
SiteA
‘\
\.52
b
at+tb+c
at+b
S1
a
X
Base Camp

Figure for Exercise 50.

Show that for all vectorsa and b,
lall + [Ib].

Thisinequality is called the triangle inequality. Use a sketch
and afew sentences to explain why this name is appropriate.

la+ b|| =

Parametric Equations

The orbit of Mars about the sun is an ellipse with one of itstwo focii at the sun. This
ellipse can be described by an equation of the form

(x + ¢)?

a’ o



