
29

Tools Used in Lab 4
Falling Bodies
Golf

Mechanics: Falling
Bodies and Golf

Suppose you’re trying to hit a golf ball as far as possible. Should you

launch it at a 45-degree angle? Remember, in the real world, you can’t

always neglect air resistance. 

1. Bead Dropping Through Shampoo

In a memorable TV commercial that aired several years ago, a small
bead was placed inside a transparent bottle of Prell® shampoo, and
allowed to drop ever so slowly through the thick green liquid. The
commercial was visually striking because the descent of the bead was
so smooth, so gradual, almost hypnotic. 

The bead dropping through the shampoo is an example of a body
moving through a resistive medium. To take another example, we are
all aware of air resistance—you can feel it by sticking your hand out
the window of a moving car. Later in this lab we are going to examine
the effects of air resistance on the flight path of a golf ball.
But first, let’s think a bit more carefully about the physics
of the shampoo problem.

The motion of the bead is governed by Newton’s law 
F = ma. If v(t) denotes the bead’s velocity (measured
positive downward, for convenience), then Newton’s
law becomes 

where m is the mass of the bead, g is the acceleration due to gravity,
and b is a measure of the viscosity, or frictional resistance, provided
by the shampoo. Here, the drag force –bv is taken to be proportional
to velocity, as found experimentally for small objects moving slowly
through a highly viscous medium. 

Open the Falling Bodies tool. By adjusting the sliders for m and b,
you can change the graph of the velocity v(t). The corresponding
motion of the bead is shown in the animation. The bead is assumed to
be released at rest: v(0) = 0.
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1.1 Sketch the graph of v(t) for a few different choices of m and b. 

1.2 The velocity appears to approach a limiting value as (known as the terminal velocity). Find
a formula for the terminal velocity.

The terminal velocity is given by . (This can be seen by setting , or by finding the exact

solution for and then taking the limit.)

1.3 Describe how the graph of v(t) changes as you increase the mass m. 

The terminal velocity increases. The time required to reach any given fraction of the terminal velocity, say
half of the terminal velocity, also increases. 

1.4 Assuming that the bead is released from rest, solve for v(t).

Using separation of variables and the initial condition , one finds . The

problem can also be solved by using the integrating factor for a first-order linear differential equation.

1.5 Find the time required for the bead to reach 50% of the terminal velocity. Does this time increase or
decrease as you increase the viscosity b? Give a physical explanation.

Let be the terminal velocity. Then . Hence, when .

Then . Hence the time to reach 50% of the terminal velocity is inversely proportional to b.

Physically, if b is large, the motion damps very rapidly, and so less time is required to reach a given fraction

of the terminal velocity.

 t → ∞
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1.6 Notice that the graph of the height y(t) starts out curved, and then eventually becomes almost
straight. Explain this, and find the slope of the straight part of the graph.

At first the drag is negligible, since the velocity is small. The resulting motion is approximately free fall, and

so the path of y(t) is initially parabolic. But eventually, the velocity approaches the terminal velocity. Then

the graph of y(t) approaches a straight line with a slope given by 

2. How to Hit a Golf Ball as Far as Possible

Herman Erlichson (1983) considered the question, “What angle do you need for maximum projectile range
if you’re not in a vacuum?” He became interested in this question because, as an avid golfer, he knew that
the optimal angle for a golf tee shot is about 11 degrees from the horizontal. This is much less than the
optimal launch angle of 45 degrees predicted from calculus, which is based on the simplifying (here, over-
simplifying) assumption that air resistance can be neglected. 

The first issue is how to model the drag force on a golf ball. There is some controversy here. At the time
that Erlichson wrote his article, the available experiments indicated that the drag force on a golf ball is
proportional to the velocity, over the range of typical velocities encountered in practice. More recent work
(MacDonald and Hanzely, 1991) suggests that the drag force increases with the square of the velocity. As a
further refinement, one should also include the aerodynamic lift on the ball, due to its backspin, but we
will omit that effect here—students interested in these more realistic cases should look up the papers by
Erlichson (1983) and MacDonald and Hanzely (1991). 

Assuming that the drag is proportional to velocity, and neglecting lift, Newton’s law yields 

where vx and vy are the horizontal and vertical components of the velocity, and the convention is that y

and vy are now measured positive upward. The initial velocity is 

where ft/sec is a typical launch speed of a good drive, and θ is the launch angle. The initial posi-

tion is , and the velocity and position are related by and . With this information,

the flight path of the golf ball is completely determined, given the values of the parameters m, g, b, s, θ.

The values of m, g, b, s can be measured experimentally; thus θ is the only adjustable parameter.

Furthermore, by dividing through by m in the equations of motion, we can see that the separate values of

b and m are not important; only their ratio b/m matters. 
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dt

= vy
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2.1 Open the Golf tool. Using the slider for the initial angle θ, find the angle that maximizes the range

of the shot, assuming that and the initial speed is 200 ft/sec. What is the approxi-

mate maximum range?

The optimum angle is around 32 degrees. The maximum range is around 504 feet.

2.2 The experimentally observed optimum angle is about 11 degrees, much less than the answer you
should have found for the previous question. What simplifications in the model might be 
responsible for this discrepancy?

The model neglects the backspin of the ball, which gives rise to lift. Also, the assumption that the drag
force is linear in the velocity might not be valid.

2.3 The predicted flight paths are qualitatively different from those obtained in the absence of air 
resistance. What is the main difference? At which angles is this effect most pronounced?

The paths are no longer symmetrical; their rise is gentler than their fall. The effect is most pronounced
when θ is large.

2.4 Examine the effects of changing the drag parameter b. If you increase b, how does the optimal angle
change? What happens to the maximum range?

As b increases, both the optimal angle and the maximum range decrease. 

2.5 To check that the tool is working correctly, examine the case where b = 0. What do you predict for
the maximum range? Does this agree with the curves shown by the tool? 

Maximum range = ft. This is obtained by noting that and

. To find the range, set , which yields . Hence the range

at is . The maximum range of is attained when .

Range

(x,y)
(0)

vx(0)

vy(0) v
θ

  b m = 0.25 sec−1
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2.6 If you wanted to maximize the amount of time that the ball spends in the air, how would you set the
sliders for the launch angle, the initial speed, and the air resistance? 

Make the launch angle and initial speed as large as possible, and the air resistance as small as possible.

2.7 The graph in the lower left panel shows the horizontal velocity , the vertical velocity , and the

speed , all as functions of time. The picture suggests that the graph of s(t) intersects

the graph of at exactly one point. Give a mathematical argument for why this must be true. In

other words, explain why the two curves must intersect once, but cannot intersect more than once.

The condition for an intersection is that . But . Hence, an intersection occurs

whenever . There is precisely one value of t where ; it is the time at which the ball

reaches its maximum height. If there were two intersections, would have to be satisfied at two

times, but this is impossible since is a monotonically decreasing function.

2.8 Prove that at the point where the graphs of s(t) and intersect, the two curves must be tangent
to each other.

It is required to show that at the time where . Differentiation of 

yields for all t. At the intersection, we have both and . Hence

as required.

2.9 Now look at the graph of the height y vs. t. Does it take longer for the ball to go up or down? In
other words, which takes more time: the rise to the maximum height, or the fall back to the ground?
Explain why the answer makes sense physically. 

It takes longer to go down. This makes sense, since the air resistance always opposes the motion—it tends

to keep the ball aloft on the way down, thereby increasing the time of descent relative to ascent. In more

mathematical terms, note that on the way down (since and ),

whereas on the way up. Now recall that is related to the curvature of the y(t) graph.

This curvature is less negative on the way down, so a longer time is required to reach ground level.

  ′x (t)

  ′x (t)
  s = ( ′x )2 + ( ′y )2

 ′y ′x
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3. For Further Exploration

There are many other interesting applications of differential equations in connection with the physics of
sports. How can a downhill ski racer move faster than a skydiver? What makes a curve-ball curve? Why
does a well-thrown football keep its axis pointed along its trajectory? See Armenti (1992) for a fascinating
collection of articles that address these and other questions. In many cases, the answers are tentative and
controversial; there are opportunities for creative investigations here! 

A good class project could involve thinking about the problem faced by the designers of the Prell shampoo
commercial. You want the bead to drop so slowly that it takes almost the whole commercial—about 30
seconds—to reach the bottom. What should be the mass of the bead? 

To solve this, you’ll need to do some experiments with Prell. What measurements do you need to perform
to determine the value of the viscosity parameter b? About how tall is a bottle of Prell shampoo? Are there
any other measurements you need to make?

For more on the specific subject of projectiles and falling bodies, along with some ideas for class projects,
see Minton (1994) and Gruzka (1994).
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Lab 4: Tool Instructions

Falling Bodies Tool

Setting Parameters and Initial Conditions
Use the mouse to select the desired parameters and initial conditions by clicking and dragging the
two sliders at the upper right (m, b).
Use the mouse to select the initial height of the object by moving the mouse over the bar area, which
is located to the left of the first illustration. Click the mouse in the bar area to select the desired
height of the object.

Other Buttons
Click the mouse on the [Clear] button to remove all trajectories from the graphing plane.

Golf Tool

Setting Parameters and Initial Conditions
Use the mouse to select the desired parameters and initial conditions by clicking and dragging the
three sliders at the lower right (Initial Angle, Initial Speed, and Air Resistance).

Swing Button
Click the mouse on the [Swing] button or the xy plane after setting the initial conditions to see the
output.

Other Buttons
Click the mouse on the [Clear] button to remove all trajectories from all graphing planes.
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